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Abstract

This thesis is an exposition of the proof of the local Langlands correspondence for GL,
over a nonarchimedean local field ' whose residual characteristic is p # 2. The local Lang-
lands correspondence may be seen as a sort of generalization of local class field theory. It
posits the existence of a canonical bijection between the set of irreducible smooth repre-
sentations of GLy(F') and a special class of smooth representations, called Weil-Deligne
representations, of the Weil group of F'. Regarding irreducible smooth representations of
GL2(F), these are separated into two classes: those occuring in the principal series and
supercuspidal representations. The first three chapters amount to providing a complete
classification of these. In chapter 4, we understand the structure of Weil-Deligne rep-
resentations and provide motivation for their consideration. The canonicity of the local
Langlands correspondence manifests in the L-functions and epsilon factors associated to
representations on either side agreeing. The theory of these L-functions is treated in
chapter 5. The thesis concludes in chapter 6 with demonstrating the bijection between
the aforementioned sets of representations and showing the desirable properties which it
enjoys.
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Introduction

Let E/F be a finite extension of nonarchimedean local fields in a fixed separable closure
F=P of F. The results of local class field theory (cf. [SG13]) produce, via the cup product
with a certain fundamental class, an isomorphism of Tate cohomology groups

H2(Gal(E/F),Z) = H°(Gal(E/F), E*).
Upon unpacking the definitions of these cohomology groups, we get an isomorphism
Gal(E/F)™ = F*/Ng/p(EX),

where Gal(E/F)® is the abelianization of the Galois group and Ng/p is the field norm
map. The inverse of this isomorphism is known as the local reciprocity map artg,p. Taking
profinite completions on both sides then yields

artp: lim I /Ngp(E*) = F* = Gal(F*?/F)™.
E/F

The multiplicative group F* is a subgroup of its completion Z/?\X, and its image under
artp is the abelianization of the so-called Weil group of F'; VWg, which may be thought of
as a modification of the absolute Galois group of F' (a more legitimate treatment of Wep
occurs in the fourth chapter).

Elementary representation theoretic considerations tell us that, as F'* is Abelian, all
of its irreducible smooth representations (over C, say) are characters of F*. That is,
group homomorphisms

x: B — C~.

On the other hand, any character of a group factors through its abelianization. Thus, the
local reciprocity map arty allows us to directly identify characters of F'* with those of Wr
in a canonical way. Moreover, associated to multiplicative characters of local fields and
to smooth representations of the Weil group of F' one has L-functions and local epsilon
factors (described in chapters 4 and 5). The fact F* is isomorphic to W means that
these L-functions and local epsilon factors vacuously agree: a character of F'* is precisely
a character of WaP.

The local Langlands correspondence for GL,, is a generalization of this phenomenon.
The group F* may also be regarded as GL;(F') and a character of Wg we think of as a
1-dimensional smooth representation. The local Langlands correspondence for GL,, then
demands a canonical bijection

Equivalence classes of [somorphism classes of
smooth irreducible representations » <> n-dimensional semisimple ,
of GL,(F) Weil-Deligne representations
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where a Weil-Deligne representation is a smooth representation of Wpr with some added
structure. The bijection is canonical in the sense that the L-functions and epsilon factors
on both sides should agree under the correspondence.

The local Langlands correspondence for GL,, is nowadays a theorem, first proved by
Laumon, Rapoport, and Stuhler in 1993 for F' with positive characteristic ([LRS93]),
and in 2001 by Harris and Taylor for F' of characteristic 0 ([HTO01]). This thesis is
an exposition of the proof of the local Langlands correspondence for GLy(F') when the
residual characteristic of F' is p # 2. Towards this end, we follow closely the excellent
treatment of the topic given by Bushnell and Hennihart in their 2006 exposition ([BHOG|).

As just mentioned, the results as described in this thesis are complete only when the
residual characteristic of F' is not 2. When this is the case, a certain class of irreducible
smooth representations (called supercuspidal) are able to be exhaustively classified by
using a technique involving tamely ramified quadratic extensions of F. While the cor-
respondence holds for the case p = 2, its proof is considerably more complicated and
involves relatively ad hoc methods. We say nothing of it here.

The first chapter of this thesis is dedicated to providing a sufficient background on
the theory of smooth representations of locally profinite groups in order to proceed with
demonstrating the local Langlands correspondence. A reader already well-versed in rep-
resentation theory may very well skip it, referring back only as necessary. The remainder
of the text may be split into three parts: The first consists of classifying all irreducible
smooth representations of GLy(F'). This is the content of chapters 2 and 3. These repre-
sentations are split into two classes depending on whether or not they contain the trivial
character of a subgroup of unipotent matrices. Those which do turn out to all come from
a process known as parabolic induction, and the classification of such representations fol-
lows with relative ease. Those which do not require much more work to get our hands
on.

The second part concerns the representation theory of the Weil group and under-
standing Weil-Deligne representations. This is the content of the fourth chapter. Finally,
the third part is “putting it all together,” where we state and prove the local Langlands
correspondence for GLy(F') formally.

Chapter 0 Zachariah Zobair 7



Chapter 1

Representation Theoretic Background

This first chapter is dedicated to providing a quick but essentially complete background on
smooth representations of locally profinite groups which will be necessary for the content
of this thesis. We also develop the representation theory of GLy(k), for a finite field k.
An understanding of the structure of locally profinite groups is assumed.

1.1 Smooth Representations of Locally Profinite Groups

Let G be a locally profinite group. In this section we introduce and study the properties
of a special class of representations of G called smooth representations.

Definition 1.1.1. Let 7: G — GL(V) be a representation of G where V' is a complex
vector space. We say (m, V') (or sometimes just 7, or just V') is smooth if for every v € V,
there exists a compact open subgroup K C G such that w(k)v = v for all k € K.

We will use the notation V¥ for the set of K-fixed vectors in V:
VE={veV |r(k)v=uvforall k€ K}. (1.1)

With this we can also characterize a representation (7, V') as being smooth if for all v € V|
there exists a compact open subgroup K of G such that v € VE. The representation (m, V)
is said to be admissible if dim VX < oo for all compact open subgroups K of G.

Example 1. Let G = GLy(F) for F' a nonarchimedean local field and let X be the
complex vector space of functions f: G — C such that for each f there is a compact
open K of G for which f(gk) = f(g). Then we get a smooth representation of G, (7, X)
defined by

m(9)f(x) = f(zg).

It is clear to see that this is smooth.

Our goal will be to classify and understand all smooth representations of the locally
profinite group GLs(F) for F' a nonarchimedean local field. Some smooth representa-
tions admit decompositions into direct sums of other representations. Thus we want to
give a notion of what the “building blocks” of representations are. In other words, the
representations which cannot be decomposed any further.

Definition 1.1.2. A smooth representation (m, V') of G is irreducible if V' # 0 and there
are no nontrivial proper G-stable subspaces of V.

8
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Suppose (w1, V1) and (my, V3) are two smooth representations of G. Then a map of
representations is a linear map f: V4 — V5 such that

fom(g) =mag)of (1.2)

for all g € G. In other words f is a G-equivariant map. We say the two smooth represen-
tations of G' are isomorphic or equivalent if there exists a G-equivariant isomorphism of
vector spaces between them.

Remark 1. The smooth representations of G as objects together with maps of represen-
tations as morphisms form an Abelian category which we will denote by Rep(G).

A character of G is a continuous group homomorphism y: G — C*. We note that
any character of G is a smooth one-dimensional representation (y,C). Conversely, any
one-dimensional smooth representation of G is equivalent to a representation given by a
character.

Remark 2. Some authors use the term quasi-character for the notion of character we have
just defined, reserving the term character for those quasi-characters whose image lands in
the unit circle S C C*. We will call such x: G — C* with x(G) C S* unitary characters.

Definition 1.1.3. A smooth representation (m, V) of G is semisimple if it admits a
decomposition
V=V,
iel

where each V; is an irreducible G-subspace of V. If all smooth representations of GG are
semisimple then we say the category Rep(G) is semisimple.

The property of semisimplicity is a desirable one, as if the representations of G are
semisimple then just understanding the irreducible representations of G is sufficient to
understand all representations of GG. In practice we are not so lucky and it turns out there
exist many locally profinite groups G for which Rep(G) is not semisimple.

1.1.1 Smooth Induction and Frobenius Reciprocity

Suppose that (m, V') is a smooth representation of G, and H C G is a subgroup. Then
there is a very natural way to obtain a smooth representation of H, namely just restriction
of m to H. This defines a functor (it is really just a forgetful functor)

Res%: Rep(G) — Rep(H).

In what follows we will construct a functor in the opposite direction to restriction, called
smooth induction. It will thus be a functor

Ind% : Rep(H) — Rep(G).

Let (o, W) be a smooth representation of a subgroup H C G. We first will construct
the underlying vector space of the induced representation Indg 0. It is the complex vector
space X of functions f: G — W such that

(i) f(hg) =0a(h)f(g) forall h e H, g € G.

(ii) For each f there is a compact open subgroup K C G such that f(gk) = f(g) for all
geG, keK.

Chapter 1 Zachariah Zobair 9



On the Local Langlands Correspondence for GLy(F)

We then equip X with the structure of a smooth G representation by defining a homo-
morphism
¥: G — GL(X)

via

(X(9)N)(x) = [f(zg).
The fact that ¥ is a homomorphism is clear by the definition, and the fact that (2, X)
is a smooth representation follows from (ii) above. The smooth induced representation
Ind% o is then defined to be the representation (X, X).

In some cases in our analysis of the representations of GLy(F') we will see that the
whole space of locally constant functions X is “too big.” We introduce a modication of
the induction functor called compact induction. The vector space is the same as that of an
induced representation, with the additional condition that the functions f: G — W must
be compactly supported modulo H. The action of G is still right translation. Compact
induction is denoted by C-Indg o, for ¢ a smooth representation of H.

The induction functor enjoys a property which will be used extensively throughout
this exposition:

Theorem 1.1.4 (Frobenius Reciprocity). Let (o, W) and (7, V') be smooth representations
of H and G, respectively. Then there is a canonical isomorphism

Homg (7, Ind$ o) = Homp (Res% w, o),
functorial in both o and .
Proof. First we note that there is a canonical H-equivariant homomorphism
evi: ndS o — W
given by f — f(1). Let ¢: V — X be in Homg(n, Ind$ o). The map
Homg (7, Ind$ o) — Homp (Res$ 7, 0)

is then given by ¢ — evy o . Then given an H-equivariant homomorphism f: V — W,
we define a G-equivariant map f.: V — X by

forv= (g f(m(g)v)).
The maps ¢ +— evy o p and f — f, are mutually inverse. O
Frobenius reciprocity tells us that the functor Indg is the right adjoint to the functor
Res%.

A similar result is true for compact induction, with the caveat that the subgroup H
must be open. Note that in this case, C—Indg is the left adjoint to Resg.

Theorem 1.1.5. Let H be an open subgroup of G, (o, W) a smooth representation of H,
and (7, V') a smooth representation of G. Then there is a canonical isomorphism

Homg(c-Ind$ o, 7) = Homy (0, Res$, )
that is functorial in both o and .

10 Chapter 1 Zachariah Zobair
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1.1.2 Schur’s Lemma and Duality

For the remainder of this section we will assume the hypothesis that for some compact
open K C G, the set of cosets G/ K is countable. Note that if this holds for one compact
open then it holds for all compact opens. The hypothesis will hold for all groups which
we are concerned with in the following chapters.

Lemma 1.1.6. Let (m,V) be a smooth irreducible representation of G. Then dimV is at
most countable.

Proof. As 7 is smooth, for a vector v € V, the set 7(G)v is in bijection with G/K for
some compact open subgroup K C G. By our assumption, G/K is countable. If v # 0,
then clearly span(m(G)v) is a nontrivial G-subspace of V', whence irreduciblity demands
span(m(G)v) = V. Therefore the dimension of V' is at most countable. O

This lemma allows one to prove the following, more consequential lemma:

Lemma 1.1.7 (Schur’s Lemma). If (7, V) is a smooth irreducible representation of G,
then Endg(V) = C.

Proof. Let ¢ € Endg(V) be nonzero. Since the kernel and image of ¢ are both G-
subspaces of V and (7, V') is assumed irreducible, then ¢ is necessarily invertible, whence
Endq (V) is a division algebra over C. Moreover, if we choose a nonzero v € V, then its
G-translates span V' by irreduciblity, and so any ¢ € Endg (V) is determined uniquely by
the value of p(v). Thus we see, by the previous lemma, dim Endg (V') is countable.

On the other hand, any ¢ € Endg(V) such that ¢ ¢ C generates a transcendental
field extension C(p) C Endg(V). The subset {(¢o —a)™! | @ € C} is linearly independent
in C(¢p) over C, implying C(p) has uncountable dimension. This is a contradiction. [

Corollary 1.1.8. If G is Abelian, then any smooth irreducible representation of G is
one-dimensional.

In particular, for any smooth irreducible representation (7, V') of G, when restricted to
the center Z of GG, 7 acts as a character. More formally there is a character w,: Z — C*
such that

m(g)v = wr(g)v

for all ¢ € Z. We call w, the central character of (m,V). If we are given a character
X, we say a representation (m, V') admits x as a central character if w, = x. The next
proposition will play a critical role later in our exposition.

Proposition 1.1.9. Let (m,V) be a smooth representation of G. Let K be an open
subgroup of G such that KZ/Z is compact.

(i) For v € V, the KZ-span of v is of finite dimension and is a sum of irreducible
K Z-spaces.

(ii) The restriction Res%., 7 is semisimple.

Proof. See [BH06, §2.7]. u

Chapter 1 Zachariah Zobair 11
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We now shift to discuss duality of smooth representations of locally profinite groups.
Let (m, V) be such a representation. We denote the dual vector space of V by V* =
Homg(V,C) and the evaluation pairing by (v*,v), v* € V* v € V. We can equip V* with
the structure of a G-representation by defining 7*: G — GL(V*) with

(m*(g)v*,v) = (v*, w(g " )v).
Unfortunately this in general will not be smooth. To address this we define

V== =UJo"

K

together with 7 = (7%)>° = 7*|(y»). The resulting (7, V) is a smooth representation of G
called the contragredient (or sometimes the smooth dual) of V. A key result regarding
contragredient is the following:

Proposition 1.1.10. Let (7, V) be an admissible representation of G. Then (m,V') is
irreducible if and only if (7w, V') is irreducible.

Proof. See |BH06, §2.8]. O

1.2 Haar Integrals and the Hecke Algebra

We once again fix G a locally profinite group and henceforth denote by C2°(G) the set of
locally constant complex valued functions on G with compact support. The space C°(G)
has two natural actions of G. Let f € C°(G). Then for each ¢ € G we have the left
tranlsation of f by g, A\, f:

A\ f)(2) = flg™"a),
and the right translation of f by g, pyf:
(g f)(x) = flzg).

The requirement that f be locally constant implies that both A and p are smooth repre-
sentations of G on C°(G).

1.2.1 Haar Integrals

For our purposes, the precise details of the proofs of existence and uniqueness of Haar
integrals on a locally profintie group are less relevant than the properties they hold. Thus
in this section we primarily state such results without proof, and direct the reader to
[BHO6|, §3] or [RV98], §1.2] for full details.

Definition 1.2.1. A right (resp. left) Haar integral on G is a nonzero linear functional
I:C*(G)—C
such that

(1) L(pgf) = I(f) (xesp. I(Af) = I(f)) for all g € G, | € CZ(G).
(ii) I(f) > 0 for any f € C°(G) such that f > 0.

12 Chapter 1 Zachariah Zobair
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The group G possesses a right Haar integral which is essentailly ungiue.

Proposition 1.2.2. There exists a right Haar integral I: C>®(G) — C. Moreover, if I'
is another Haar integral on G, then I' = cl for some positve constant c.

Corollary 1.2.3. For f € C(Q), let f € C(G) by f(g) = f(g7"). The functional

I': CX(G) — C giwven by I'(f) = I(f) is a left Haar integral on G. Any left Haar integral
on G is of the form clI' for some positive constant c.

Let I be a left Haar integral and Wg the characteristic function of a nonempty compact
open subset S of G. We define

pa(S) = 1(Vs).

By definition pe(S) > 0, and also by definition we have p(9S) = pe(S) for any g € G.
We refer to ug as a left Haar measure on G. We henceforth use the notation

1(f) = /G F(9)duc(9).

When there is no possibility of confusion on the Haar measure being used, we will some-
times abbreviate the above as
/ fg)dyg.
a

Definition 1.2.4. The group G is unimodular if any left Haar integral on G is also a
right Haar integral.

If pu¢ is a left Haar measure on G, for any g € G we can define a functional C*°(G) — C
by
fe /G f(xg)dpc ().

It is easy to see that this functional is also a left Haar integral. Thus there is a positive
real number (dependent on g) dg(g) such that

5c(9) /G F(zg)dpuc(x) = /G f (@) dpc(x)

for all f € C°(G). This defines a homomorphism dg: G — Ryy. Taking f = Ug for
a compact open subgroup K, we find that s is trivial on K and thus dg is in fact a
character of G.

Definition 1.2.5. The character i as defined above is called the modular character of

G.

Remark 3. Observe that if ¢ = 1 (the trivial character on G), then that amounts to
saying the left Haar integral is invariant under right translation. In other words it is also
a right Haar integral, whence G is unimodular. Conversely, if G is unimodular then the
left Haar integral is right translation invariant and s must be trivial.

Now let V' be a complex vector space. We consider the space of locally constant
functions f: G — V with compact support, which we denote by C°(G; V).

Proposition 1.2.6. The space C>°(G; V) is isomorphic to C*(G) @ V.

Chapter 1 Zachariah Zobair 13
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Proof. The isomorphism is given by sending >, f;i ® v; € C.(G) ® V to the function
(g2 filg)v) € CE(G; V). [

For a left Haar measure ¢, there is a unique linear functional Iy : C*(G;V) — V

such that
vifeuv) = (/f Ydpa(g )'v.

This defines a linear functional on all of C°(G; V) as the basic tensors f ® v span the
space CX(G) @ V = C*(G; V). We use the notation, for ¢ € C°(G; V),

Iv(p) = /Gso(g)duc(g)'

We introduce one more variation on the Haar integral. Let H C G be a closed subgroup
and let 6 be the modular character of H. Fix a character 6 of H. Denote by C>*(H\G, 0)
underlying vector space of the representation c—Indg 0. Then we have:

Proposition 1.2.7. Let : H — C* be a character of H. Then the following are equiv-
alent:

(i) There ezists a nonzero linear functional Iy: C*(H\G,0) — C such that Io(f) =
Iy(pyf) for all g € G.

(ii) 055 = dc|n.

In the case the assumptions of the propostion hold, the linear functional I, is like a
Haar integral:

Corollary 1.2.8. Suppose the conditions of proposition[1.2.77 are satisfied. Then there is
a nonzero linear functinal Iy on C°(H\G,0) such that

(i) 1o(f) = Io(pyf) for all g € G, and
(11) Ig(f) >0 for all f € CX(H\G,0) such that f > 0.
The linear functional Iy is moreover uniquely determined up to a positive scalar factor.

Thus we use the notation

Iy(f) = f(@)dpmea(g)

H\G

for f € C(H\G,0). The pum\¢ is called a positive semi-invariant measure on H\G. The
main result of this discussion on Haar integrals is the following:

Theorem 1.2.9 (Duality Theorem). Let H C G be a closed subgroup and fi a positive
semi-invariant measure on H\G. Put

dma = (05 0c)m-
Suppose that (o, W) is a smooth representation of H. Then there is a natural isomorphism
(c-Ind%; o) =2 IndG Spne @ &
depending only on the choice of fi.
Proof. See |BHO6| §3.5]. O

14 Chapter 1 Zachariah Zobair
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1.2.2 The Hecke Algebra

For a finite group G, one naturally identifies a representation of G with a module over
C[G]. When G is a locally profinite group we can still consider a representation as a
module over a certain algebra, namely the Hecke algebra H(G). In what follows we
define H(G) and demonstrate that a smooth G-representation is an identical concept to
a “smooth H(G)-module.”

The underlying vector space of H(G) is C2°(G). We will assume that G is unimodular
for this discussion, so as to not have to constantly be precise about left and right Haar
integrals. Thus we fix a Haar measure 1 on G and define a bilinear product * on C°(G)
as follows:

(f1 % fa) (g) = /G £1(2) faleg)du(o).

Bilinearity of * is clear from the definition and associativity is an easy computation.
Accordingly, we define H(G) = (C*°(G),*) to be the Hecke Algebra of G. It is an
associative algebra over C.

Remark 4. There are two facts about H(G) which we should carry with us:
(i) H(G) is unital if and only if G is finite.
(ii) H(G) is commutative when G is.

Let K be a compact open subgroup of G. We define ey € H(G) via

pw(K)™' ifreK
ex(z) = .
0 ifr & K.
Proposition 1.2.10. Let ex be defined as above. Then:

(i) The function ek satisfies ex * ex = €.

(i) A function f € H(G) satisfies ex * f = f if and only if f(kg) = f(g) for all k € K,
geqG.

(111) The space ex * H(G) * ex is a unital subalgebra of H(G) with identity ey .
We will use the notation
H(G,K)=ex*x HG) xeg.

Observe that f € H(G, K) if and only if f € H(G) and f(k1gks) = f(g) for ki, ke € K.
We also have

HG) = JH(G K), (1.3)

with the union being taken over all comapct open subgroups of G.
For M a left module over H(G), we write fxm, f € H(G), m € M for module action.

Definition 1.2.11. Let M be a left H(G)-module. We say that M is a smooth H(G)-
module if H(G) « M = M.

Chapter 1 Zachariah Zobair 15
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This terminology makes sense: By (1.3)), we have that an H(G)-module is smooth if
and only if for every m € M, there is some compact open subgroup K of G such that
Ex ¥ M =M.

Let (7, V') be a smooth representation of G. For f € H(G), v € V, we define . €
C(G; V) by

O s(9) = flg)m(g)v.
We then define

w(f)e = [ esla)duly) € V.
a
Proposition 1.2.12. Let (7, V') be a smooth representation of G. The assignment

(f;0) = w(f)o

gives V' the structure of a smooth H(G)-module. Moreover if (', V') is another smooth G-
representation and ¢: V. — V' is a G-homomorphism, then ¢ is also a H(G)-homomorphism.

We can also go the other way:

Proposition 1.2.13. Let M be a smooth H(G)-module. Then there is a unique G-
homomorphism

m: G — GL(M)
such that (w, M) is a smooth G-representation and for f € H(G), m € M,

w(f)m = fxm.

Moreover, if M' is a smooth H(G)-module with associated smooth representation (7', V'),
then any H(G)-homomorphism M — M’ is a G-homomorphism V — V'.

For proofs of both propositions, see [BH06, §4.2]. With these we see that smooth
representations of G and smooth H(G)-modules are interchangable concepts.

1.3 The Representation Theory of GLy(k)

In this section we give a classification of the irreducible representations of GLo(k) for
k a finite field of g elements. Our motivation for this is two-fold: Firstly, on a macro-
level the techniques used in studying the representation theory of GLy(k) provide a sort
of roadmap for how we will approach the more formidable task of doing the same for
GLy(F), F nonarchimedean. Secondly, in the study of the representations of GLg(F),
where k is the residue field of F', we will sometimes inflate representations of GLo(k) to
those GLo(O), where O is the integer ring of F. Then, we induce to a representation in
GL2(F). Thus understanding representations of GLa (k) will be essential for understanding
those of GLy(F').

1.3.1 The Structure of GLy(k)

For the remainder of this section let G = GLy(k). There are some important subgroups of
G which we consider (the analogues of these will appear again when we study GLq(F)).
The first of which is the standard Borel subgroup

s (IR
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of upper triangular matrices in G. We also have

{6 <)

which is the standard mazimal split torus in G (we will often just call it the torus), and

the unipotent radical
1 a
N = {(O 1) e G}.

Observe that there is an extension
1-N—-B->T-—1,

whence we have the semi-direct product decomposition B = T x N. Finally we put Z
for the center of G.
Using row-reduction operations, one shows that for G we have the Bruhat decomposi-
tion
G = BUBwB,

()

is a permutation matrix. Thus we have {1,w} as coset representatives for the double
coset space B\G/B. The following is a result of elementary linear algebra techniques and
counting arguments:

where

Lemma 1.3.1. The group G has order (¢* —1)(¢> — q) and has ¢*> — 1 conjugacy classes.

Thus it follows that G possesses ¢> — 1 irreducible representations up to equivalence.

1.3.2 Principal Series Representations

Our first method of constructing irreducible representations begins with fixing characters
X1, X2 of £*. We then form the character y of T" defined by

= () = @) (1.4

Since T'= B/N, we may consider a character of T" as a character of B which is trivial on
N. We thus can form the induced representation Ind$ x of G.

Lemma 1.3.2. Let (m, V) be an irreducible representation of G. The following are equiv-
alent:

(i) 7 is isomorphic to a G-subspace of Indg x for some character x of T', considered as
a character of B trivial on N, and

(ii) m contains the trivial character of N, in the sense that 7|y contains the trivial
character of N as a subrepresentation.
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Proof. First we remark that 7 containing a trivial character of N is equivalent to 7 con-
taining an irreducible B-representation o containing the trivial character of N. Then this
is in turn equivalent to o being the inflation of a character y of T', since a representation
of B trivial on N naturally defines a representation of 7', but T is Abelian and so that
representation is one-dimensional.

Now we apply Frobenius reciprocity:

Homp(Res$ 7, 0) = Homg (7, Ind ),
and the result follows. O
For a character x of T defined as in (|1.4)), we introduce the associated character

(5 5) e

We think of x" as a character of B trivial on N as well.

Proposition 1.3.3. Let x, & be characters of T', which we view as characters of B trivial
on N. Then:

(i) The space Homg(Ind$ x, Ind$ €) is trivial unless x = € or xy = &Y.

(ii) The spaces Homg(Ind$ x, Ind% x) and Homg(Ind$ x, Ind$ x*) have the same di-
mension. This dimension is 2 if x = x*, or 1 otherwise.

Proof. We begin with Frobenius reciprocity:

Homg(Ind$ x, Ind$ €) = Homp(Res%(Ind% x), €). (1.5)
Then, applying Mackey’s restriction formula, we obtain
Resg(lndg X) = Z IndgmBy (ReSgOBy xY), (1.6)
yeB\G/B

where by x¥ we understand the character b — x(yby ') of the group BY = y~1By. The
Bruhat decomposition of G tells us that in our case we only need to consider y = 1 and
y = w. For y = 1, the corresponding summand on the right side of (1.6) is

Ind2(ResE x) = x.

sz{(z ((DeG},

whence B N BY =T'. Thus the corresponding summand is

For y = w, observe that

Ind% \*.
From this, we can rewrite the right side of as
Homy(x, £) ® Homp(Ind2 y, €).
We apply Frobenius reciprocity once more for
Homp(Ind2 x“, €) = Homp (X", €).

Thus
Home(Ind x, Ind% €) = Homy(x, &) © Homyp(x", €).

Then (i) follows immediately, and (ii) follows from taking & = . O
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Corollary 1.3.4. Let x be a character of T regarded as that of B which is trivial on N.
Then the representation Indgx is irreducible if and only if x # x¥. If x = x*, then
Indg X has length 2 with distinct composition factors.

The representations which are obtained by inducing a character of T to G (and their
irreducible components) are said to be in the principal series. In other words the principal
series consists of all the irreducible representations of G which contain the trivial character
of N. One can count to find that G has %(q2 + ¢) — 1 irreducible representations in the
principal series.

1.3.3 Cuspidal Representations

We say an irreducible representation of GG not containing the trivial character of N is
a cuspidal representation. The cuspidal representations do not arise directly from in-
duction, and as such their construction and classification proves to be a more laborious
task compared to that of the principal series. The same will be true of GLy(F) for F'
nonarchimedean.

In order to construct the cuspidal representations, we first begin with a quadratic field
extension [/k, which is uniquely determined up to k-isomorphism. A character 6 of the
multiplicative group [* is said to be regular if 9 # 6. We identify [ with the k-vector
space k @ k by choosing a basis, whence G is identified with GL(l). Then, the action of
[ on [ identifies [* with a subgroup E of G. Let # be a regular character of £ and fix 1
a nontrivial character of N. We define a character 6,: ZN — C* by

0 ((5 o)) =t

Remark 5. The definition of 6, is independent of ¢ up to equivalence, as all nontrivial
characters of N are conjugate.

fora € k*,u € N.

Recall for a group G we can form the representation ring of G, R(G). The elements of
R(G) are formal differences of isomorphism classes of finite dimensional representations
of G, with addition being given by direct sum and multiplication by tensor product. An
element of R(G) is called a wvirtual representation. The main result is the following:
Theorem 1.3.5. Let 0 be a reqular character of E and v a nontrivial character of N.

(i) The virtual representation
Tp = Ind$y 0, — Ind% 0

1s an irreducible cuspidal representation of G, with dimmy = q — 1.

(ii) Let 61,05 be regular characters of E. Then my, = my, if and only if 6, = 0y or
91 - 9;’

(i1i) Every irreducible cuspidal representation of G is of the form my for some reqular
character 6 of E.
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Proof. A counting argument shows that if (i) and (ii) hold then (iii) follows. Thus we
show (i) and (ii) directly. We do this by computing the characters of 7y, and find:

trmg(z) = (¢ — 1)0(2), z € Z,
trmg(zu) = —6(2), z € Z,u € Nyu# 1,
trmg(y) = —(0(y) +6°(y), ye EXZ.

The character of 7y is just 0 on all g not conjugate to some element of £ U ZN, thus the
above is the complete character table. The character table gives (ii) immediately. To see
that my is irreducible, we compute

1

— tr 2=1.
geG
Finally,
Z trmg(u) =0,
ueN
and so mg|y does not contain the trivial character of N. Therefore my is cuspidal. O
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Chapter 2

The Principal Series for GLy(F)

For this chapter we denote by F' a nonarchimedean local field. Unless otherwise stated
we put G = GLy(F'). We fix the following notation which will be carried throughout the
rest of this thesis:

O = the ring of integers in F'.
p = the maximal ideal in O.
w = a prime element in F
t = the residue field O/p.
q = ¢
vr(+) = the discrete normalized valuation on F.

| - || = the absolute value on F (||z|| = ¢~*F@).

When there is possible confusion about the field F' to which each of the above are asso-
ciated, each will be decorated with a subscript indicating the field to which they belong
(O, for example).

In §1.3 we saw that the irreducible representations of GLg(k), for k a finite field, can
be classified as either in the principal series (i.e., the representation is equivalent to a
GLy(k)-subspace of the induction of a character on the torus) or cuspidal. The group
GLy(F) exists in a similar paradigm, and we again distinguish representations by those
in the principal series and those which are supercuspidal. The precise definitions of these
two classes of representations have differences from those for GLy(k), but the philosophy
will be familiar.

2.1 The Structure of GLy(F)

We begin by remarking that G = GLy(F") has direct analogues of the subgroups B, N,
and T as were defined in §1.3] They are defined just the same and are all closed subgroups
of G. We once again have isomorphisms B/N = T and B = T x N, both of which are
algebraic and topological.

The Bruhat decomposition (§1.3.1)) holds for G as well. Changing the base field to F
yields decompositions which were not present in the case of GLy(k).

Proposition 2.1.1 (Iwasawa Decomposition). Let K = GLy(O). Then G = BK.

Proof. Let g € G. If the (2,1)-entry of g is zero, then g € B and we are done. Otherwise,
we can multiply g on the right by a permutation matrix (which lies in K') to ensure that
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Vr(g2,1)) = vr(ge2,2))- Finally we may multiply by a lower triangluar matrix in K on the
right to make g1y = 0. O]

An immediate consequence of the Iwasawa decomposition is that the right coset space
B\G is a continuous image of GL3(O), which we know to be compact. Therefore B\G is
compact. We also have:

Proposition 2.1.2 (Cartan Decomposition). The matrices

w® 0
0 «
a,b € Z such that a < b are a set of representatives for the double coset space K\G/K.

Proof. See [BH06, §7.2] O

It is a corollary of the Cartan decomposition that the set G/K is countable for any
compact open subgroup K C G, whence G satisfies the assumption put in §1.1.2. The
group G has another significant subgroup: The standard Twahori subgroup is

a b y
[:{(C d) |a,d e O ,cep,beo}.

For our immediate needs, the Iwahori subgroup will not play a crucial role, but later it
shall be pivotal.

2.1.1 Haar Integrals on GG and its Subgroups

Let A = Maty(F') be the ring of 2 x 2 matrices with coefficients in F. Then the additive
group of A is isomorphic to F' x F' x F' x F. We form a Haar measure 4 on A by choosing
a Haar measure v on F' and setting

n= Q4.
Proposition 2.1.3. The group G is unimodular.
Proof. Let p be a Haar measure on A as defined above. For ® € C°(G) we define

fo € C(A) by
0 fre ANG
Jole) = {@(x)n detz|? ifzed.

Then the linear functional
® s [ fala)duta)
A

is both a left and right Haar integral on G. m

Regarding the subgroups B, N, and T, there is really nothing to be said about N
and T, as N = F and T = F* x F*. The Borel subgroup B, on the other hand, is not
unimodular and hence admits a nontrivial modular character dp (as in §1.2.1). We recall
that we have the semi-direct product decomposition B =T x N.
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Proposition 2.1.4. The modular character g of B is given by

op(tn) = [t /t2]|

(0
= (0 t2> '
Proof. See [BHO06, §7.6] ]

Corollary 2.1.5. Let §p be defined as in the proposition. The space C°(B\G, d5") admits
a positive semi-invariant Haar measure fi. There is a Haar measure p on GLo(O) such
that

for

F(9)dilg) = / o S

B\G
for f € C(B\G, 65").

Recall that the Iwasawa decomposition yielded that B\G is compact. Thus any func-
tion on G is vacuously compactly supported modulo B. This means if ¢ is a smooth
representation on 7', viewed as a smooth representation of B as usual, we have

c-Ind$ o = Ind§.
We now apply theorem to see that there is a canonical isomorphism
(Ind% )Y = Ind$ 05" ® 4,

depending only on a choice of postive semi-invariant measure i on C®(B\G, d3").

2.2 Jacquet Modules and the Irreducibility Criterion

Let (m,V') be a smooth representation of G. We denote by Vy the N-coinvariants of V.
That is,
Vv =V/V(N),

where V(N) = span{v — 7(n)v | n € N}. The space Vi is then the largest quotient of
V on which N acts trivially. Since, as we just stated, 7 restricted to N acts trivially on
Vi, it carries a representation 7y of B/N = T. The pair (wy, Vy) is called the Jacquet
module of V' (at N, but we shall only be concerned with this case). The Jacquet functor
is the functor

Rep(G) — Rep(T) (2.1)
(m, V) = (7w, V). (2.2)

Once again we consider a smooth representation of B which is trivial on N to be a smooth
representation of 7. Suppose o is such a representation. Then if (7, V') is a smooth G-
representation we have

Homg(m, Ind$ o) = Homp(Res% 7, o). (2.3)
Our discussion in the previous paragraph yields that (2.3) can be written
Homg (7, Ind o) = Homy(ny, 0).

Our motivation for introducing the Jacquet module can be found in the following:
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Proposition 2.2.1. Let (m,V) be a irreducible smooth representation of G. Then the
Jacquet module Viy # 0 if and only if m is isomorphic to a G-subspace of Indg X for some
character x of T.

Proof. First suppose that 7 is isomorphic to some G-subspace of Indg X- Then
Homg(m, Ind$ x) # 0.

But Frobenius reciprocity gives Homyp (my, x) = Homg(n, Ind$ x), whence Vi # 0. Con-
versely, we observe that Vy admits an irreducible T-quotient of V. Since T is Abelian
an irreducible representation is necessarily a character y. Then Homy(7y, ) is nontrivial
which yields the desired result.

For full details of the construction of the T-quotient see [BHO6, §9.1] O

An irreducible representation of G for which the Jacquet module is nontrivial is said to
be a part of the principal series, whereas those with trivial Jacquet module are said to be
supercuspidal. The remainder of this chapter is dedicated to providing a full classification
of the former type of representation.

It is a fact that every irreducible smooth representation of GG is admissible. The proof
for the case of supercuspidal representations requires techniques not yet developed, and
we will address it in the next chapter. We can deal with the other case now.

Proposition 2.2.2. Let (7, V') be an irreducible smooth representation of G which is not
cuspidal. Then (m,V') is admissible.

Proof. Since any m which is not supercuspidal is a G-subspace of Indg x for some character
x of T, it suffices to show the claim for Ind$ x = (£, X). Let K C GLy(O) be a compact
open subgroup of G. Then

XE={feX|f(bgk)=x(b)f(g) forbe B,ge G, ke K}.

Since G = B GLy(O) (cf. proposition [2.1.1)), the set of double cosets B\G/K is finite.
Each such double coset supports at most a one-dimensional space of functions in X (cf.
[BHO6|, §3.5]). m

Lemma 2.2.3. Let (o,U) be a smooth T-representation and let (X, X) be the induction
Indg o. Then there is an exact sequence of T-representations

0—=0"®dz' =3Iy = 0—0,

where o 1is the representation

(300G o)),

and the map ¥ n — o is given by f+— f(1).
Proof. See |BHO06, §9.3] O

Suppose that ¢ is a character of F* and (7, V') a smooth representation of G. Then
we form the twist of ™ by ¢, denoted by (7, V'), by setting ¢m(g) = p(det g)m(g). It is
clear to see that o is also a smooth representation of G. A similar construction is carried
out for twisting characters of T'. Suppose x = x1 ® X2 is a character of 7" and ¢ as before.
Then we put

Y- X = PX1 & X
The main result of the section which will enable us to provide a classification of those
representations of GLg(F') which lie in the principal series is the following:
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Theorem 2.2.4 (Irreducibility Criterion). Let x = x1 ® X2 be a character of T and
(2, X) = Ind§ x.

(i) (X, X) is reducible if and only if x1x5 " 45 either the trivial character on F* or the
character x +— ||z||* on F*.

(i1) If (X, X) is reducible, then:

(a) X has G-composition length 2.

(b) One composition factor of X is of dimension one, while the other is infinite
dimensional.

(c) X has a one-dimensional G-subspace if and only if x1x5"' = 1.
(d) X has a one-dimensional G-quotient if and only if x1x5 " : = +— ||z]|?.
The remainder of this section is dedicated proving the irreducibility criterion and

understanding its consequences. In what follows we are considering x and (2, X)) = Indg X
as in the theorem statement. First we define the B-subspace of X

V={reX|r1)=0}

We see then that Viy = ker(Sy — y) as was defined in lemma[2.2.3| The aforementioned
lemma then gives that Vy = % ® d5'. We put V(N) for the kernel of the projection
V — VN-

Proposition 2.2.5. The kernel V(N) of the projection V- — Vi (notation of the preceding
paragraph) is irreducible over B

Proof. See [BH06, §9.7] O
The proposition gives the B-composition of X
VIN)CVCX

of length 3. The composition factors V/V(N) = Vy & x* ® 65" and X/V = C are both
of dimension one. In particular this means that the G-composition length of X is at most
three.

We will need the following lemma in our proof of the irreducibility criterion. As usual,

we put w = (9}).

Lemma 2.2.6. Let f € X. Then f € V if and only if there exists a compact open
subgroup Ny C N (which depends on f) such that supp f C BwNj.

Proof. The condition for f being in V' is that f(1) = 0. By definition the functions f € X
are G-smooth, and so if f(1) = 0 then f also vanishes on some compact neighborhood of
1 which we can write BN/, where N is a compact open subgroup of

N’:{(l O) EG}.
z 1
Then one has the identity

-6 )6

when x # 0. The right hand side of the above lies in Bw((l] z ! ) The result then follows.
O
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We use this to prove:
Proposition 2.2.7. For X = Indg X where x = x1 ® X2, the following are equivalent:
(i) x1 = X2
(i) X has a one-dimensional N -subspace.

Suppose that these conditions hold. Then the one-dimensional N -subspace is unique, call
it Xo, and the space Xq 1s also a G-subspace which is not contained in V.

Proof. Observe that for a character ¢ of F* one has

Ind%(p - x) = Ind(px1 @ pxa) = ¢Ind% x.

Thus if (i) holds, we can take x; = x2 = 1, and twist by a character of F'* which does
not materially affect the structure of Indg X. In this case, let f: G — C be any nonzero
constant function. The span of f is a one-dimensional G-stable subspace of X. Thus (i)
implies (ii).

In the converse direction, let f € X span a dimension one N-subspace. The N-action
on f is by right translation:

n- f(z) = f(an).

The space Cf is N-stable and so n - f = ¢(n)f for some character 1) of N. We have the
decomposition G = BU BwN. Now as f € X = Ind§ x, left translation by B does not
affect the support of f. Since right translation by NV is just multiplying by a character, the
support of f is thus either all of G or BwN. In the latter case, f(1) = 0 and hence we are
in the situation of lemma [2.2.6] But that means supp f C BwN, for some compact open
subgroup of N. Thus the second case is impossible and supp f = G. Hence f vanishes
nowhere and in particular f(1) #0,s0 Cf V.

The N-projection X — X/V = C identifies Cf with C as N-spaces (C being consid-
ered as a trivial N-space), and so it follows that N fixes f under right translation. Let
x € F*. We have the identity

on)=6 ) ) )

If ||z is sufficiently large, then (1,9

smoothness of f means that right translation by (
have

(G ) = (GO G ) G =6 )08 )

The far right of the above is of the form f(nt) for n € N and ¢ € T. Thus, since f € X,

this becomes
f (w (é f)) = x1(=1)x1 xe(z) F(1).

But f is invariant under right translation by N, so

flw) = xa(=1)x1 " x2(2) £(1).

Surely the evaluation of f at w should not depend on x. Thus we have x; = y2. Therefore
(ii) implies (i). If we put ¢ = x1 = X2, then we have f(g) = ¢(det g)f(1), which shows
that the space Cf is stable under G-action. The construction shows the space is uniquely
determined, and we remarked before that it is not contained in V. O

) becomes close to the identity matrix, so the G-

o1 0) fixes f. Thus for ||z]| large we
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We now are equipped to prove theorem [2.2.4]

Proof of the Irreducibility Criterion. Suppose that X is reducible. Then we determined
previously that its G-composition length is either 2 or 3, and it has either a finite dimen-
sional G-subspace or a finite dimensional G-quotient. Let us first consider the case that
X has a finite dimensional G-subspace.

In this case, X has a one-dimensional N-subspace and so we are in the situation of
proposition 2.2.7, Thus X has a one-dimensional G-subspace, Xy, and x = x1 ® x2 where
X1 = X2 = @, say. The group G acts on X, via p odet and Xo NV = 0, all as in the
proposition. The quotient Y = X/ X is then isomorphic to V' as B-representations. Since
dim Xy = 1, if X has G-length 3 then Y has G-length 2. Recall, though, that Y = V'
(B-isomorphic) has composition length 2, since V' has an irreducible subrepresentation
of B given by V(N). In particular, V' has a unique one-dimensional B-quotient, which
gives a G-quotient of Y. This yields a contradiction, however, as it would force there
to be a nontrivial factor in the Jacquet module Yy, which is already one dimensional by
lemma [2.2.3] Thus X must have G-composition length 2, and we see we are in case (ii)(c)
of theorem 2.2.4]

In the case that X has a finite dimensional G-quotient, then the contragredient X has
a finite dimensional G-subspace, and we are in the situation of the previous case. Then
the fact that X = Indg §5" ® X along with proposition m gives that we are in case
(ii)(d) of theorem [2.2.4]

The converse is handled by proposition for when x1x5 "' = 1 and making a similar
argument using duality for when y1x; ' (z) = ||z]|?. O

2.3 Classification of the Noncuspidal Representations

We conclude this chapter by arriving at a complete classification of the irreducible smooth
representations of G for which the Jacquet module is not trivial.

Proposition 2.3.1. Let x and & be characters of T'. Then

1 if§=xoré=x"®d5"
0 otherwise.

dim Homg(Ind§ x, Ind§ €) = {
Proof. Frobenius reciprocity gives
Homg(Indf; x, Indf; §) = Homy((Indf x) . ).
Then (Ind$ x) fits into the exact sequence (lemma [2.2.3)

0—x"®d5" — (Ind§ x)y — x — 0.

In the case Y # X ® d5', then the above splits and the result follows. In the case
X =X"® 5;1, we observe that for z € F'* this means

xi(z) = [|lz([xa(2).

Then by theorem [2.2.4] Ind y is irreducible, whence the result. [
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Suppose that y is a character of T" and Indg x is reducible. Then by the irreducibility
criterion, there is a character ¢ of F* such that y = ¢- 17 or Y = ¢-d5'. For now assume
that ¢ = 1. Then we get an exact sequence

0— 1g — Ind% 1 — Stg — 0, (2.4)

where Indg 17 has an irreducible G-quotient Stg called the Steinberg representation. The
situation is similar when ¢ # 1. Let pg = podet and pr = ¢ - 1 = p ® ¢. Then we get

0—>¢G—>Indgg&T—>gp-Stg—>O.

Representations of the form ¢-Stq for character ¢ of F'* are called special representations.

To handle the case of y = ¢ - d5', again suppose first that ¢ = 1. Then observe that

taking the contragredient of the exact sequence (12.4)) yields
0 — (Stg)Y — Ind% 65" — 15 — 0.

Then proposition implies (Stg)Y = Stg, so there is really nothing more to say.
Before stating the final classification theorem, we introduce a slight modification on the
induction functor to allow for more elegant statements.

Definition 2.3.2. If ¢ is a smooth representation of T, we define the normalized induction
functor ¢%(—): Rep(T') — Rep(G) by

o =Ind% (65" ® o).
With this, it is just unpacking definitions to see we can restate theorem [2.2.4] as:

Proposition 2.3.3. Let x = x1 ® X2 be a character of T. Then 1% is reducible if and
only if x = ¢ - 5;1/2 for some character ¢ of F*.

Collecting our work in this chapter, we arrive at the main result.

Theorem 2.3.4 (Classification of Noncuspidal Representations). The following is a list
of all irreducible noncuspidal smooth representations of G up to isomorphism:

(i) Induced representations t§x for x a character of T such that x # ¢ - 5];1/2 for any
character ¢ of F*.

(ii) One-dimensional representations ¢ o det where ¢ is a character of F*.

(i1i) Special representations ¢ - Stg where ¢ is a character of F*.
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Chapter 3

Supercuspidal Representations of GLy(F)

Let (7, V') be an irreducible smooth representation of G. In the last chapter we determined
(proposition that when the Jacquet module, (7, Vy), of (7, V) is nontrivial then
7 is obtained by the induction of a character of the torus in G. Proposition is an if
and only if, and so to get our hands on supercuspidal representations (those irreducible
smooth representations of G with trivial Jacquet module) we will need to employ new
techniques.

The overall strategy involves considering filtrations of the groups K = GLy(QO) and [
(the standard Iwahori subgroup), and examining the largest subgroups in these filtrations
in which an irreducible smooth representation 7 has a fixed vector. It turns out that the
representation occuring in m of the next largest subgroup in the filtration carries much
information and will lead us to our classification of supercuspidal representations. There
is much subtlety in the process.

We begin this chapter with tying up a loose end and showing that supercuspidal rep-
resentations are admissible, whence all irreducible smooth representations of G are admis-
sible. Afterwards we have the construction of supercuspidal representations as described
in the previous paragraph.

3.1 Admissibility of Supercuspidals

It what follows representations of GG are always assumed to be smooth unless otherwise
stated.

We begin by introducing an alternative notion of a representation being supercuspidal.
If (7, V) is a representation of G, then for each v € V and % € V we get a smooth function

on G
Yoes: G = C

defined by
g = (0,7(g)v).

We define C(m) to be the space spanned by all the functions 7,g;. The functions in
C(m) are called matriz coefficients of 7. If ~,gs is the matrix coefficient associated to
(v,0) € V®V and 7 is irreducible, then for z € Z the center of G, one has

Yows(29) = (0, 7(29)v)
= (0, wr(2)7(g)v)
= wr(2)Yows(9),
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where w, is the central character of 7. It follows that for any v € C(w) we have

7(29) = w(2)7(9)-
Therefore the support of v € C(r) is invariant under Z-translation.

Definition 3.1.1. An irreducible smooth representation (m, V) of G is said to be ~y-
cuspidal if every v € C() is compactly supported modulo Z.

The key fact, which is not at all obvious, is that a representation (7, V') is supercuspidal
in the sense of having trivial Jacquet module if and only if it is y-cuspidal. We will not
prove this here, but instead direct the reader to [BH06| §10.2].

Proposition 3.1.2. If (7, V) is an irreducible vy-cupsidal representation, then m is ad-
missible.

Proof. Suppose by way of contradiction that 7 is not admissible. Let K C G be a compact
open subgroup such that dim V¥ is infinite. This dimension is countable, which implies
that the dimension of VX = Home(VX, C) is uncountable.

For a fixed nonzero v € V, we define a map I',: VX — C(7) by © + 7gs. This map
must be injective, as the irreducibility of 7 means the set {m(g)v | ¢ € G} spans V, so
[',(v) is 0 if and only if ¥ is 0. Observe that the image of ', is the space of functions
f: G — C such that f(zkgk') = wr(2)f(g) for all z € Z, k, k' € K, and g € G and such
that f is supported on a finite union of cosets ZKgK. This implies that dim T',(V¥) is
at most countable, but I', is an injective map into a space of uncountable dimension, so
we arrive at a contradiction. O]

This proposition combined with proposition and the fact that every supercuspidal
representation is y-cuspidal gives the desirable result.

Corollary 3.1.3. Every irreducible smooth representation of G is admissible.

We also will use the following in constructing supercuspidal representations, which
greatly reduces the amount of work needed to check ~-cuspidality.

Proposition 3.1.4. Let (7, V) be an irreducible admissible representation of G. If some
nonzero matriz coefficient of w is compactly supported modulo Z then m is vy-cuspidal.

Proof. See |[BHO06, §10.1] O

3.2 Intertwining

Our first method of constructing supercuspidal representations involves the compact in-
duction of representations of open subgroups of G which are compact modulo the center
Z of G. When those representations satisfy certain intertwining properties, then the
resulting representation of G will turn out to be supercuspidal. Of course, before any
of that, we must understand what is meant by “intertwining.” Denote by K the set of
isomorphism classes of irreducible smooth representations of a compact open subgroup K

of GG.
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Definition 3.2.1. Let K; and K5 be compact open subgroups of G and py, ps € [A(l, [A(z,
respectively. An element g € G intertwines py with po if

Homesz(Pi p2) # 0,
where pf{ is the representation of K{ = g~ K,g given by x — pi(gzg™1).

Observe that the property of intertwining p; with ps as above depends only on the
double coset K1gKs. That is, g intertwines p; with p, only if all elements of K gK>
intertwine p; with ps.

Definition 3.2.2. Let K be a compact open subgroup of G and p € K. A smooth
representation (w, V') of G contains p (or p occurs in ) if

Homy (p, m) # 0.

Proposition 3.2.3. Let K, Ky be compact open subgroups of G and pi,ps € }?1,}?2,
respectively. If (w, V') is an irreducible smooth representation of G in which both p; and
pa occur (in the sense of definition , then there exists g € G such that g intertwines
p1 with ps.

Proof. The hypothesis that (7,V’) contains p; and ps is equivalent to the isotypic space
V?i being nonzero for i = 1,2. Let es: V' — V7 be the K-projection onto the po-isotypic
space. Since 7 is irreducible, the sets w(g~1)V/ = Vel g € G, span V. Thus there is
some g € G such that e;om(g™1) induces a nonzero map V' — Vr2. This g is an element
which intertwines p; with ps. ]

We say two representations pi, po intertwine in G if there exists ¢ € GG intertwining
p1 with po. Similarly, an element g € G intertwines a representation p if g intertwines p
with itself. The main result concerning intertwining is the following:

Theorem 3.2.4. Let K be an open subgroup of G which contains and is compact mod-
ulo Z. Let (p,W) be an irreducible smooth representation of K. If an element g € G
intertwines p if and only if g € K then the compactly induced representation C—Indf(p 8
wrreducible and supercuspidal.

Proof. Put (2, X) = c-Ind§ p. We define a K-embedding ¢°: W — X by ¢°(w) = ¢,
where ¢ has support K and ()% (k) = p(k)w. Then ¢°(W) is the space of functions of
X with support contained in K (cf. [BHO6, §2.5 Lemma]) and we identify W with this
space.

Since K and G are unimodular, the Duality Theorem implies that X = Ind% p,
which contains C—Indg p as a G-subspace. The canonical K-embedding of W in its compact
induction C—Indg p then identifies W iwth the space of functions in X with support in
K. We now take nonzero w € W C X and nonzero w € W C X. The matrix coefficient
Ywsew 18 nonzero and has support in K. Thus we just need to show C—Indf{ p is irreducible
and supercuspidality will follow by proposition and the fact that y-cuspidalilty is an
equivalent notion to supercuspidality.

The compact induction X breaks up into a direct sum of its K-isotypic components,
and thus any K-map W — X has image lying in X”. Therefore we have

Hom (W, X?) = Homg (W, X).
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By Frobenius reciprocity for compact inductions, we have
Homg (W, X) = Endg(X).

We define the p-spherical Hecke algebra of G, H(G, p), to be the space of functions f: G —
Endg (W) which are compactly supported modulo Z and such that

fkgk') = p(k) f(g)p(K'),

for g € G, k, k' € K. Let 1 be a Haar measure on G/Z. Then, for 1, ps € H(G, p) we
define the convolution product

@1 % a(g) = /G ., o1(x)pa(z " g)dfu().

With this, H(G, p) is an associative unital algebra over C. We now define a map
H(G, p) — Endg(X) by

e (@ sy = (9 [ } o)) ) ).

This map is an isomorphism of C-algebras (cf. [BHO6, §11.3 Lemmal). The hypothesis
on intertwining implies that the dimension of H(G,p) is 1, whence the dimension of
Hom g (W, X?) is 1. We thus conclude that W = X°*.

Let Y be a nonzero G-subspace of X. Then 0 # Homg(Y, X) C Homg(Y, Ind% p) =
Homg (Y, p), with the isomorphism holding by Frobenius reciprocity. By proposition[1.1.9]
Y is semisimple over K, and so Y” # 0. Since W is irreducible over K, we have W =
X? C Y. Because W generates X over (G, we conclude that ¥ = X, and thus X is
irreducible.

O]

3.3 First Construction

We now begin with the construction of supercuspidal representations. The procedure that
follows is more concrete than would allow for us to immediately gain a characterization
of supercuspidal representations, but is indicative of the strategies we will employ in
subsequent sections.

Let K = GLy(O) and K; = 1+ pMate(O). Then K/K; = GLy(¢). We also define the
group Iy = 1+ (’; (;,)) Observe that I is the preimage in K of N(£) (the upper-triangular
unipotent matrices in GLy(£)). With this notation, we have:

Theorem 3.3.1. Let (7, V) be an irreducible smooth representation of G that contains
the trivial character of Ky. Then one and only one of the following holds:

(i) m contains a representation A of K which is inflated from an irreducible cuspidal
representation A of GLa(¥).

(i1) ™ contains the trivial character of I.

In the case that (i) holds, then m is supercuspidal and there exists a representation A of
ZK such that Al = X\ and
72 c-Ind§, A.
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Before we can prove theorem we need a lemma.

Lemma 3.3.2. Let py, po be irreducible representations of GLy(€) and let py, ps denote
their respective inflations to representations of K. Suppose that py is cuspidal. then

(i) The representations py and ps intertwine in G if and only if p1 = po.
(i) An element g € G intertwines p; if and only if g € ZK.
Proof. See |[BH06, §11.5] O
With this we may prove the theorem.

Proof of theorem[3.3.1. The group K stabilizes V1. Thus, we can take the isotypic
decomposition of V1 and consider it as a direct sum of irreducible representations of K,
all of which are trivial on K;. In other words, each is inflated from a representation of
CLy(8). Let A be such a representation inflated from X. Then if X is not cuspidal, then
A contains the trivial character of N (€), which means A contains the trivial character of
I, and we are in case (ii) of the theorem. Otherwise X is cuspidal and we are in case (i).
The lemma and proposition [3.2.3] show that these cannot occur simultaneously.

Suppose now that \ is cuspidal. Then 7 contains a representation A of ZK extending
A. Thus we have a nontrivial Z K-homomorphism A — Res(Z; x ™. By Frobenius reciprocity,
this gives a nontrivial G-homomorphism c-Ind, A — 7. The second part of the lemma
and theorem imply that C—IndgKA is irreducible and supercuspidal. Thus © =
c-Ind . A and 7 is supercuspidal. ]

3.4 Chain Orders and Strata

In the last section we saw that if an irreducible representation has some K;-fixed vector,
then the action of K on the space V1 can show if the representation is supercuspidal.
In general, one needs to look “deeper” in the groups K and I to understand the behavior
of a representation. For this we develop chain orders and strata. A chain order is the
Lie algebra of a special type of subgroup of GL, which stabilizes chains of O-lattices in
V = F@®F called a parahoric subgroup. The parahoric subgroups admit natural filtrations
to which we associate characters of the n-th filtration group which is trivial on the (n+1)-
th filtration group. An irreducible representation (7, V) of G then may contain such a
character. This behavior, similar to the theorems of the previous section, will give insight
whether or not 7 is supercuspidal. A useful isomorphism relates the chain orders to the
group of characters of the filtration groups of the parahoric subgroups. Thus we are able
to take advantage of the structure of the chain orders (which also admit natural filtrations)
in our analysis.

3.4.1 Lattice Chains and Associated Orders

Let V = F @ F so that we identify G = GLy(F') = GL(V). We put A = Maty(F) =
Endp(V).

Definition 3.4.1. An O-lattice chain in V' is a nonempty set
L={L;|i€Z}
where each L; is an O-lattice in V' such that L; 2 L;;; and L is stable under translation

by F*.
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Observe that, since L is stable under F'*-translation, there is a positive integer e,
such that
rL; = Li—i—vp(;r)

er

for all z € F* and L; € L. Up to transformation by some g € GG, the structure of lattice
chains in V' is quite controlled.

Proposition 3.4.2. Let L be a lattice chain in V. Then e, = 1 or ep = 2 Moreover, if
er =1, there exists g € G such that

gLi=p' @y’
forall L; € L. If ep = 2, then there exists g € G such that
gLy =p' ®p'
gLoi1 =p @ pt!
forall L; € L.

Proof. Observe L., = pLy by definition. Thus the quotient Lg/L., is a 2-dimensional
t-vector space. Then the quotients L;/L., for 0 < i < e, form a flag of subspaces for the
vectorspace Lg/L.,. Therefore by dimensionality 1 < e, < 2.

The O-lattice Lg is the O-span of an F-basis for V' and so there surely exists g € G
such that gLy = O @ O. Tt follows then that gL..; = p* @ p’ for all i € Z. Thus we are
done for e, = 1 and for the first claim when e, = 2. For the second claim when |, = 2,
observe that then

OO DgL Dpdy.

The space U = gL;/(p @ p) is a 1-dimensional £-vector space, so there exists h € GLy(¥)
such that hU = € @ 0. Choose a lift h of h in GLy(O). Then hgL; = O @ p. The result
now follows. O]

We associate a ring to a lattice chain £ in V. Define
U ={z € A|xL; C L; for all i € Z} = | Endo(L;).
i€Z

Note that each L; € L is a module over 2. We may put the proposition above in terms
of the ring 2., and see that for any lattice chain £ in V, there exists ¢ € G such that

M=(99) ife,=1
gmﬁg—lz{ (OO) Ir €g ) (31)

Thus we essentially always work with either 9t or J moving foward. If K = GL(O), we
note that M = Lie(K) and J = Lie(!), where I is the standard Iwahori as usual.
We define an A -lattice in V' to be an O-lattice which is also a module over 2.

Proposition 3.4.3. Let L be a lattice chain in' V and L an A,-lattice in V. Then L € L.
Proof. See |[BH06, §12.2]. O

Thus L is the set of all /--lattices in V' and so L is recoverable from 2,. The structure
of A, means it is more fruitful to work with 2.
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Definition 3.4.4. A chain order in A is a ring of the form 2 = 2(, for some lattice chain
L in V. We use the notation ey = eg.

Definition 3.4.5. A parahoric subgroup P C G is a subgroup which stabilizes a lattice
chain £. In other words,

P={geG|gL;=L; forall L; € L}.

Thus the parahoric subgroups of G arise as the invertible elements of the chain orders
in A. By , we see all parahoric subgroups are G-conjugate to either K = GLy(O) or
the standard Iwahori I. As we primarily work on the level of chain orders in this section,
we will often put 2* for the (parahoric) group of invertible elements in a chain order 2.

We define filtrations of 2 and 2A*, respectively. Begin with 8 = rad 2, the Jacobson
radical. The key observation is that there is a sort of “prime element” of 2, which puts
2l and ‘P in a similar relationship as O is with its maximal ideal p.

Proposition 3.4.6. Let 2 be a chain order in A with Jacobson radical B and let e = eg.
Then, B¢ = pA and there exists Il € G such that

P = 12 = AIL

Proof. By ({3.1) it suffices to check the proposition holds for 2 = 9t and 2l = J. Let w
be a uniformizer of F'. Then we have

rad M = oM

~ (0 1\
radJ—(w O>J'

We call IT a prime element of the chain order 2. One verifies readily that if 3 = rad 2,

and

]

P = 11",

for n > 0. We use this to extend the definition of P" for n < 0. If £ = {L;}iez is the
lattice chain associated to 2, then IIL; = L;,; and we have

Each B" is a subring of 2 and provides a filtration. We define the filtration on 20* in
terms of these P". Set
Uy = Uy = A~

Then, for each n > 1, define
Uy =1+3".

Each Uy is a normal subgroup of Uy and a compact open subgroup of GG. We also define
Ka={9€G|gAg" =2}

The subgroup Kg is the G-normalizer of Uy® for all m > 0. Furthermore it is open in ¢
and contains and is compact modulo the center Z of G.
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3.4.2 The Chain Order of a Quadratic Extension

Suppose that £ C A is an F-subalgebra such that E/F is a quadratic field extension.
Then there is a unique chain order associated to the extension satsifying certain desiderata.

Proposition 3.4.7. Let E be as above.

(i) The set of Og-lattices in V = F @ F is a lattice chain L with ex = e(E/F) (the
ramification index of E). Furthermore, L is the unique lattice chain in V stable
under E* -translation.

(i) The chain order A = A, is the unique chain order in A such that E* C Ky.
(iii) If P = rad A, then for x € E*, 22U = LU and Ky = E*Uy.
Proof. See [BH06, §12.4] O

3.4.3 Chain Orders and Representations

Let ¢ be a nontrivial character of /" and denote by A the group of characters of A. We
define ¢4 € A by precomposing 1) with the trace map try: A — F. For a € A, we get a
character ay 4 by defining

apa(x) = Yalaz).

The map A — A given by a — a4 is an isomorphism of groups. We henceforth fix ¢
a character of F of level 1 (recall the level of an additive character ¢ of F' is the least
integer n such that v is trivial on p™). When 2m > n > m > 1, then the map x — 1 + x
is an isomorphism

P/ — Uy' /Uy
With this we immediately have:

Proposition 3.4.8. Let 2 be a chain order in A with radical B. Let m,n be integers
such that 2m +1 > n > m > 0 and denote by (Uyt /UG the group of characters of
Uyt JUs . Then

mfn/mfm N <U£1+1/U£+1)/\’

given by a + P~ — wA’a|Ugln+1 is an isomorphism, where 4 q.(x) = Ya(a(x —1)).

Moving forward, we write just v, for 14 ,. From the proposition, we see that we are
able to associate characters of the filtration subgroups of Uy (which are compact open
subgroups of GG) to cosets of the filtrations of 2. The properties of such characters are
thus reflected in properties of the cosets a + P, and hence we can work at the level
of matrix computations. In particular, if we take m = n — 1, then associated to a coset
a + P we get a character of Uy which is trivial on UQ’EH. This type of character was
key to our first construction of supercuspidal representations, where we had 2l = 99t and
n=1.

We now let (7, V') be an irreducible smooth representation of G. Denote by S(7) the
set of (A, n) where n > 0 is an integer and 2 is a chain order such that 7 contains the
trivial character of the compact open subgroup UQH.

Definition 3.4.9. The normalized level of 7, denoted by ¢(7), is defined as
{(m) = min{n/ey | (A,n) € S(7)}.
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The normalized level is recording in some sense how “deep” we need to look in the
parahoric filtrations in G for a trivial character to appear in the representation 7. Since
Ujgy C U3, we have that £(r) = 0 if and only if 7 contains the trivial character of Ugy.
Observe that this is precisely the situation of theorem [3.3.1 That case gives an insight
towards how the appearance of a such trivial character is revealing of the nature of 7. We
now concern ourselves with those = with ¢(7) > 0.

3.4.4 Strata

Our primary tool for the analysis of a representation 7 with ¢(7) > 0 is strata. As before,
let 1 € F be a fixed character of level one.

Definition 3.4.10. A stratum in A is a triple (2(,n, «), where 2( is a chain order in A,
n € Z, and a € P7", where P = rad . Two strata (A, n, aq) and (A, n, as) are equivalent
if a1 = ap (mod P7).

If n > 1, then we can associate to a stratum (2, n, o) the character v, of U}, trivial
on Uﬁ“. The definition of equivalence of strata means that this character depends only
on the equivalence class of the stratum. We extend the notion of intertwining to strata:

Proposition 3.4.11. Let (A1,n1,aq) and (Aa, ng, ) be two strata in A with ny,ny > 1.
Put B1,°Bo for the respective radicals of the chain orders in each strata and let g € G.
Then the following are equivalent.

(i) g intertwines the character 1., with the character 1,,.

(ii) The intersection
g + P ™)g N (az + Py ™)
18 nonempty.

Proof. See [BHO06|, §12.7] O

An element g € G which satisfies the equivalent conditions of proposition [3.4.11] is
said to intertwine (Aq,n1, a1) with (Az, ng, cvs).

3.5 Fundamental Strata

We restrict our focus to a class of strata called fundamental strata.

Definition 3.5.1. Let 2 be a chain order in A with radical . A stratum (2(,n,«) is a
fundamental stratum in A if the coset v +B1~" contains no nilpotents.

We remark that this depends only on the equivalence class of the stratum. One
shows (cf. |[BHO6| §12.8]) that any non-fundamental stratum is G-conjugate to one of the
following;:

(M, n,w "),

(3,2n — 1, w "a),

where n € Z and a = (3 }).
We say that an irreducible representation (7, V') of G' contains the stratum (2, n, ) if
the character v, associated to (2, n, ) of Uy occurs in 7. Recall that the normalized level
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{(m) of m tells us how deep to look in the filtrations of parahorics to find a trivial character
occuring in 7. If a stratum (2, n, «) is contained in 7, then since 1), is trivial on U;H,
surely /(7)) < n/ey. Fundamental strata are particularly important when considering
those strata appearing in representations of G. In [Bus87, §3, Theorem 2], it is shown that
every irreducible smooth representation (m, V') of G with ¢(7) > 0 contains a fundamental
stratum[] Moreover, we have the following:

Proposition 3.5.2. Let (7,V) be an irreducible representation of G with ¢(mw) > 0, so
that m contains a fundamental stratum (A, n,«). Then {(7) = n/ey.

Proof. See |[BHO06, §12.9] O

From this there are immediately some things to be said. Firstly, observe that if 7 is
an irreducible smooth representation of G with 0 < ¢(7) = n/2 ¢ Z, then 7 contains a
fundamental stratum (conjugate to one) of the form (J,n,«). This follows immediately
from [Bus87, §3, Theorem 2] and the proposition above. Similarly, after observing

US«;—I g U32H+1 g Uj?n g Ugjlb

we see that if 0 < ¢(7) = n € Z, then 7 contains a fundamental stratum (conjugate to
one) of the form (9, n,a). Thus we do not need to consider fundamental strata of the
form (J,2n, «). In other words,

Proposition 3.5.3. Let w be an irreducible smooth representation of G such that ¢(m) > 0.
Then 7 contains a fundamental stratum (A, n, o) such that ged(n,ey) = 1.

3.5.1 Classifying Fundamental Strata

In this section we provide a complete classification of the fundamental strata.

Let (2, 7n,a) be a stratum and suppose that ey = 2 and n is odd. Then, we say
(A, n, «) is a ramified simple stratum.

There is more granularity when considering (2, n, ) with eq = 1. In this case, we write
a = w "ag for some ay € . We can do this since 2 is G-conjugate to 991. Thus we reduce
to this case, whence the radical is w9t and its powers are given by w"™91. The element ay
is some matrix, and we let f,(t) be its characteristic polynomial. Let f,(t) € £[t] be the
reduction of f, () modulo p, so that f,(t) is the characteristic polynomial of the reduction
of ap modulo the radical of 2. The polynomial f,(¢) depends only on the equivalence
class of the stratum. With this, we classify the fundamental stratum based on roots of
this polynomial:

Definition 3.5.4. Let (2, n,a) be a fundamental stratum such that ey = 1. If f,(¢) is
irreducible over €, then we say the stratum is unramified simple. If f,(t) has a repeated
root in £, then we say the stratum is essentially scalar. Finally, if f,(t) has distinct roots
in €, then the stratum is split.

Remark 6. The case f,(t) = t? is excluded by the definition of fundamental strata.

Definition 3.5.5. A fundamental stratum is simple if it is either ramified simple or
unramified simple.

!The author in [Bus87] uses a more general definition of fundamental stratum than we use here. Thus
the referenced result has no condition on £().
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The fundamental strata exhibit quite controlled intertwining properties.

Proposition 3.5.6. A ramified simple stratum cannot intertwine with any stratum of the
form (M, n, o). Moreover, if two strata (9, n,a) and (M, n, B) intertwine, then we have

fa(t) - fﬁ(t>’
Proof. See |[BHO06, §13.2] O

This proposition allows us to determine in which sorts of representations the different
types of fundamental strata may appear.

Theorem 3.5.7. Suppose 7 is an irreducible smooth representation of G such that ¢(m) >
0. Then there is a character x of F* such that ¢(xm) < €(m) if and only if ™ contains an
essentially scalar stratum (9, n, o).

Proof. See |BH06, §13.2] O
Combining the previous two results, and recalling proposition we get:

Corollary 3.5.8. Let w be an irreducible smooth representation of G with 0 < {(m) <
((xm) for all characters x of F*. Then exactly one of the following holds:

(i) m™ contains a split fundamental stratum.
(ii) m contains a ramified simple stratum.

(i1i) m contains an unramified simple stratum.

3.5.2 Fundamental Strata Appearing in the Principal Series

The classification of fundamental strata provides a first step towards a complete classi-
fication of the irreducible smooth representations of G. Indeed, we shortly will see that
one may distinguish supercuspidal representations from those in the principal series by
which kind of fundamental stratum is contained in the representation. In this section we
state the results concerning the fundamental strata occuring in the principal series. All
proofs may be found in [BHOG|, §14].

We begin with the split fundamental strata.

Proposition 3.5.9. Let (m, V) be an irreducible smooth representation of G containing
a split fundamental stratum (M, n,«). Then, one may choose o« € T and the Jacquet
module of ™ contains the character @/JQ|U5LRQT. In particular, Vy # 0 and hence w is not
supercuspidal.

If, on the other hand, we begin with a representation in the principal series, we deter-
mine the fundamental stratum appearing in the representation easily.

Proposition 3.5.10. Suppose x = x1 ® X2 is a character of T inflated to one of B, and
put (X,X) =Ind$ x. Let ny and ny be the levels of x1 and xo, respectively (recall for a
multiplicative character x, the level is the least integer n such that x is trivial on Uffl).
Then:

(i) If n = max(nq,ng) > 0 and X1X§1|U; # 1, then ¥ contains a fundamental split
stratum.
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(i) If ny = ny =n # 0 and X1X2_1|U;z =1, then ¥ contains a fundamental essentially
scalar stratum.

(iii) If ny =ng =0, then ¥ contains the trivial character of Us.

Let m be an irreducible smooth representation containing the trivial character of Ul
and with ¢(7) > 0. Thus we are in case (iii) of the above proposition. Observe that
case (ii) of theorem also puts us in this situation. We show such a representation is
necessarily not supercuspidal.

Proposition 3.5.11. Let (w,V) be an irreducible smooth representation of G' containing
a character ¢ of I = Uy which is trivial on Us. Then the projection V. — Vi is injective
on the isotypic subspace V€. In particular, © is not supercuspidal.

The main consequence of these results is the following:

Theorem 3.5.12 (Exhaustion Theorem). Let (m, V') be an irreducible smooth represen-
tation of G such that ((mw) < l(xm) for all characters x of F*. Then the following are
equivalent:

(i) ™ is supercuspidal.
(i1) Either

(a) ¢(m) = 0 and 7 contains a representation of Usy inflated from an irreducible
cuspidal representation of GLy(8), or

(b) ¢(m) > 0 and 7 contains a fundamental simple stratum.

Proof. If £(w) = 0, then proposition and theorem m give the result. Suppose
((m) > 0. If ¢(7) does not contain a simple stratum then by hypothesis it must contain a
split fundamental stratum. This implies that 7 is not supercuspidal, thus (i) implies (ii).

Now suppose that 7 is not supercuspidal. Thus we may identify © with a G-subspace
of ¥ = Indg x where Y = x1 ® x2 is a character of T. Assume first that ¥ is irreducible
and so m = X. If x; or xo has level at least 1, then X contains either a fundamental split
or essentially scalar stratum. The hypothesis on ¢(7) excludes the latter. Thus 7 contains
a fundamental split stratum, meaning 7 cannot contain a simple stratum.

If both x; and x» have level 0, then 7 = ¥ contains the trivial character of U3, which
means {(m) = 0, which has already been dealt with. Thus it only remains to check when
¥ is reducible.

If 3 is reducible, then 7 is either of the form ¢ o det or ¢ - Sty for some character ¢
of F*. In either case, normalized level /() is equal to the level of ¢. The minimality
hypothesis on £(7) then requires that the level of ¢ is 0. The result then follows. O

3.5.3 Simple Strata

The Exhaustion Theorem shows that for understanding a supercuspidal repre-
sentation 7 (when /() satisfies a minimality condition) it will be helpful to understand
simple strata. In this section we collect some results to see how simple strata arise natu-
rally from certain quadratic extensions of F'.

Definition 3.5.13. Let @ € G ~ Z. We say a is minimal over F if the subalgebra
E = Fla] C Ais a field and, if n = —vg(«a), one of the following holds:
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(i) The extension E/F is totally ramified and n is odd, or

(ii) The extension E/F is unramified, and the coset @™« + pg generates the field ex-
tension €5 /€p.

Since « € G\ Z we have that E/F is a quadratic field extension. Furthermore,
f(E/F)vg(a) = vp(deta), where f(E/F) is the residue degree of E/F. When an ex-
tension E/F is generated by a minimal element, then it is easy to describe the ring of
integers in F.

Lemma 3.5.14. Let a € G be minimal over F' and let E = Fla], n = —vg(a). Define
B w20 if B/F is ramified,
o= {w"a if E/F is unramified.
Then O = Op|a).
Simple strata give rise to minimal elements.

Proposition 3.5.15. Suppose that (A, n, «) is a simple stratum in A. Then the following
hold:

(i) The element a is minimal over F'.
(i) Fla]* C Ky.
(1i1) e(Fa]/F) = eq.
(iv) every o € a+ P~ is minimal over F, where P = rad 2.
A result in the converse direction also holds.

Proposition 3.5.16. Let a € G be minimal over F'. Then there exists a unique chain
order A in A such that o € Ky. Moreover, Fla]* C Ky. If we put n = —vp (), then
the triple (U, n,«) is a simple stratum.

Both propositions are proved in [BHO6, §13.4-13.5].

3.6 The Classification of Supercuspidal Representations

With the results of the previous section, we are equipped to proceed in giving a complete
classification of the supercuspidal representations of G = GLy(F'). We fix a character v
of F' of level one.

Let (A, n, ) be a simple stratum, so that £ = F[a] is a degree 2 extension of F' with
E* C Ky. From the element «, using proposition [3.4.§ with m = [n/2] (here the brackets
[] denote the integer part) we get the character 1, of Uy”? ™" trivial on UZ*!. We collect
two key results, whose proofs may be found in [BHO06| §16].

Theorem 3.6.1 (Intertwining Theorem). Let (A, n,a), n > 1, be a simple stratum and
let E = Fla]. Let g € G. The following are equivalent:

(i) The element g intertwines the character 1, of Ug[ln/2]+1_
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(i) The element g normalizes the character 1, of Ug[ln/Q]H.
(iii) g € <UL/

Theorem 3.6.2 (Conjugacy Theorem). Let (24,n,a1) and (™Az,n,az) be two simple
strata, with n > 1. The characters 1,, and 1., of UQH"/Q]H intertwine in G if and only if
they are conjugate by an element of Us.

The group appearing in (iii) of the Intertwining Theorem plays a critical role.
So critical that we give it its own letter: Let J, = F XUQ[l(nH)/ 4 The group J, contained
in Iy and is open in G. It contains and is compact modulo the center Z of G. We
immediately can see its importance:

Theorem 3.6.3. Keeping with the notation we have used thus far, let A be an irreducible
representation of J, which contains the character v, of Uéln/ L Then the restriction
A]U[n/z]+1 is a multiple of 1. Moreover, the representation

A

A = c—Indi A
18 1rreducible and supercuspidal.

Proof. If we restrict A to Ug[[n/ 2 then we get a direct sum of irreducible representations,
all of which are J,-conjugate. One of these is 14, which is normalized (cf. Conjugacy
Theorem and Intertwining Theorem) by J,,, implying A|Ug[[n/2]+1 is a multiple of ¥ 4. Then
if g intertwines A it must also intertwine 1, whence g € J, by the Intertwining Theorem.
The result then follows from theorem B.2.4 O

We introduce notation to record representations that occur in this way. For a simple
stratum (2, n, ) with n > 1, we let C'(¢),,2l) denote the set of equivalence classes of
irreducible representations A of J, such that A|U[n/2]+1 is a multiple of v¢,. The sets

A

C(1qa, ) for various simple strata in A are essentially unique up to G-conjugacy when
the representations therewithin induce equivalent representations of G. More precisely
(cf. [BHO6| §15.4]):

Theorem 3.6.4. Let (A1,n1,0q) and (Aa, no, ag) be simple strata in A with ny,ny > 1.
Let Ay € C(¥a,,21) and Ny € C(Ya,,A2) and suppose that mp, = mp, (notation of
theorem W Then, ny = ny and there exists g € G such that Ay = g 'U1g, J,, =
g 09, and Ay = N, When 20, = s, then g may be chosen in Uy, .

3.6.1 Cuspidal Types

Definition 3.6.5. A cuspidal type in G is a triple (2, J, A) where 2 is a chain order in
A, J C Kg is a subgroup, and A is an irreducible smooth representation of J, occuring in
one of the following ways:

(i) We have A = I, J = ZUy, and Ay, is the inflation of an irreducible cuspidal
representation of Uy /Uy = GLy(8).

(ii) There is a simple stratum (2, n, ), with n > 1, such that J = J, and A € C(¢,, ).

(iii) There is a triple (2, J, Ag) satisfying (i) or (ii) and a character y of F'* such that
A —t AO & X © det
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Observe that by theorems [3.3.1| and [3.6.3] for any cupsidal type (2, J, A) we have
that c—Ind? A is an irreducible supercuspidal representation of G. The main result of this
section allows us to go the other way:

Theorem 3.6.6 (Induction Theorem). Let m be an irreducible supercuspidal represen-
tation of G. There exists a cuspidal type (A, J,A) in G such that m = c—Ind?A. The
cuspidal type (A, J, \) is determined by ™ uniquely up to G-conjugacy.

Proof. To begin, observe in case (iii) of definition [3.6.5, we have
c-IndG (Ag ® x o det) = x - c-Ind§ (Ay),

so it suffices to show the theorem for cases (i) and (ii) of definition If ¢(m) = 0,
then the theorem follows directly from theorem [3.5.12] Thus we assume ((m) > 0.

Here, theorem gives that there exists a simple stratum (2, n, «), with n > 1,
such that m contains the character ¢, of Uj. It follows that 7w contains a character &
of UQ[["/ 21 such that & !U,g = 1. This character ¢ is of the form s for some 8 = «
(mod PB'"), where as usual B = radA. The results of section m give that then
(A, n, ) is also a simple stratum. The representation = then contains a representation A
of Jg such that A|U£7/2]+1 contains g, whence A|U9[ln/2]+1 is a multiple of 13. Therefore the

triple (2, Jg, A) is a cuspidal type in G. From Frobenius reciprocity we have
0 # Homy, (A, Res?ﬁ ) = HomG(c—Indi A, ).

~Y

As c¢-Ind§ A is irreducible, we conclude C—Ind% A = 7. The unicity claim follows from
theorem . O

Corollary 3.6.7. The map
(A, J,A) = c-Ind§ A = 7,

induces a bijection from the G-conjugacy classes of cuspidal types in G to the set of
equivalence classes of irreducible supercuspidal representations of G.

We have arrived at a complete classification of the supercuspidal representations of GG
in terms of cuspidal types. The issue of supercuspidal representations, then, is reduced to
the study of cuspidal types. In definition [3.6.5] case (i) is completely understood. Thus
we focus on case (ii).

In this setting, to understand a cuspidal type (2, J,A) we must understand the rep-
resentation A € C(¢,,2A) of J = J, = EXUQ[fn+1)/2], where (2, n,«) is a simple stratum
with n > 1 and E = F|a].

The following subgroups will be necessary: First we define

n/2]+1
HE = ULUG/,

We also have
JL=J,nUy = ULU 2,
Remark 7. The groups J! and H} are the same if and only if n is odd.

First we deal with when n is odd.
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Proposition 3.6.8. Suppose that n is odd. Then every A € C(¢,, ) has dimension 1
and two characters Ay, Ny € C(o, ) intertwine in G if and only if Ay = As.

Proof. We have that E* N Ug[ln/g]+1 = Ui[;mﬂ. If ¢ is a character of £ which agrees
with v, on U};/Q]H, then we may define a character A of J, by A(ux) = ¢, (u)p(x), for

r€e B ueE Ug[ln/ 2+ Every irreducible representation of .J, containing v, occurs in this
way, whence the first claim. To show the claim on intertwining, if ¢ € G intertwines A,
with As, then it must intertwine 1, and hence lies in J, by theorem [3.6.1] Thus the g
fixes each A; and the result follows. O

When n is even, then there is more subtlety in the situation. If n is even then E/F is
unramified and we have 2l = 9)1. Similar to the proof above, one may extend the character
b to one of HL. A lemma proven in [BH06, §16.4] ensures that for such a character 6 of
H} extending 1,, there exists a uniquely determined irreducible representation 7y of J!
with the properties that ng|x: is a multiple of # and dimny = ¢. With this, we have the
following.

Proposition 3.6.9. Keeping with the notation used thus far,
(i) An element g € G intertwines ng if and only if g € J,.

(11) The representation ng admits extension to an irreducible representation of J, lying

in C(¢q,2A).

(iii) Any representation A € C(v¢o,2A) satisfies A|ljp = ng for a uniquely determined
character 0 of H}.

(iv) Two representations A1, Ny € C(1,2l) intertwine in G if and only if they are
equivalent.

To end this section, we introduce an alternative way to track the same data.

Definition 3.6.10. A cuspidal inducing datum in G is a pair (2, =), where 2 is a chain
order in A and = is an irreducible smooth representation of g of the form = = C—Ind’JC‘21 A
for some cuspidal type (2, J, A).

The transitivity of induction of representations permits us to restate some of the results
regarding cuspidal types in terms of cuspidal inducing data:

Proposition 3.6.11. Let (A, =) be a cuspidal inducing datum in G. Then the represen-
tation Tz = C—Ind%1 = 15 an wrreducible supercuspidal representation of G. Moreover, the
map (A, Z) — = is a bijection from the set of G-conjugacy classes of cuspidal inducing
data to the set of equivalence classes of irreducible supercuspidal representations of G.

3.7 Tame Parametrization

When constructing the Langlands correspodence, we will handle the supercuspidal repre-
sentations of G = GLy(F) in terms of admissible pairs, which are pairs (E/F, x) consisting
of a tamely ramified quadratic extension £/F and a character y of E* subject to some
conditions on factoring through the field norm map Ng/r. To each admissible pair we are
able to attach an irreducible supercuspidal representation. The main result of this sec-
tion, the Tame Parametrization Theorem, will show that the association of an irreducible
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supercuspidal representation to an admissible pair is a bijection between the isomorphism
classes of admissible pairs and the equivalence classes of irreducible supercuspidal repre-
sentations of G.

Remark 8. In this thesis we are always assuming the residual characteristic of F'is p # 2.
Thus, any quadratic extension of F' is tamely ramified.

Definition 3.7.1. Let (E/F, x) be a pair consisting of a tamely ramified extension E/F
and a character x of E*. The pair (E/F,x) is an admissible pair if

(i) The character x does not factor through the norm map Ng/p: E* — F*.
(ii) If x|y factors through Np,r, then E/F is unramified.

If we let n be the level of x, then the admissible pair (E/F, ) is said to be minimal if
X|vz does not factor through Ng/p. Two admissible pairs (E/F,x) and (E'/F,X’) are
F-isomorphic (or just isomorphic) if there exists an F-isomorphism j: £ — E’ such that

X=xoJ.

Remark 9. If (E/F,x) and (E/F,Y') are two admissible pairs with the same tamely
ramified extension E/F in each pair, then the condition of being F-isomorphic amounts
to X' = x oo for some o € Gal(E/F).

Remark 10. For a character p of I, let ¢g = @oNg,p. If (E/F, x) is an admissible pair,
then so too is (FE/F,x ® pg). With this, any admissible pair (E/F,x) is F-isomorphic
to an admissible pair of the form (E/F, X’ ® pg) where (E/F, x’) is a minimal admissible
pair.

3.7.1 Attaching Representations to Admissible Pairs

Let (E/F, x) be an admissible pair with x being of level zero. This means that y is trivial
on U}, which, from the definition of admissible pairs, requires that the extension E/F is
unramified. We will begin by associating an irreducible supercuspidal G-representation
to such an admissible pair.

Lemma 3.7.2. Suppose E/F is an unramified quadratic extension and x is a character
of E* of level zero. Let o be the nontrivial element of Gal(E/F). Then the following are
equivalent.

(i) The pair (E/F,x) is admissible.
(i) x #xo00.
(iii) x|ve # (x ©0)|vg-

Proof. The equivalence of (ii) and (iii) is immediate upon the observation that, as F/F
is unramified, £* = F*Ug. The kernel of Ng/p is {o(x)/x | * € E*}. Therefore x
factors through Ng/p if and only if x = x o 0. Since E/F is unramified by assumption,
the factoring condition is all that is needed to check if the pair (E/F, x) is admissible,
and so (i) and (ii) are equivalent. O
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To proceed, choose an F-embedding of £ in A = Maty(F'). Recall (proposition [3.4.7)
that there is a unique chain order 2l with £* C Kg. Conjugating if necessary, we may take
2A = 9. Then, we get an embedding of O in M, which, in turn, gives a £z-embedding of
£ in Maty(€r). The supercuspidal representation attached to (E/F, x) is now constructed
as follows:

The restriction x|y, is the inflation of a regular (cf. (iii) in the lemma and
character Y of €5. The constructions of then yield from yx an irreducible cuspidal
representation A of GLy(€r). We then inflate A to a representation A of GLy(OF) = Ugy,
whose restriction to U is a multiple of x|y,. Thus we may extend A to a representation
A of F*Upy = Kop by demanding A|gx be a multiple of xgx. Then triple (91, ICon, A) is a
cuspidal type, and so we get the irreducible supercuspidal representation

Ty = c—Ind,%m A.

It is not too much work to verify the supercuspidal representation m, depends only the
isomorphism class of the admissible pair (E/F, x). The 7, has normalized level {(m, ) = 0.

If (E/F,x) is an admissible pair with x of level 0, then the process (E/F,x) —
is a bijection (cf. [BH06, §19.1]) from the set of isomorphism classes of admissible pairs
(E/F,x), x of level 0, which we denote by Py(F)o, and the set of irreducible supercuspidal
G-representations m with ¢(7) = 0, denoted <% (F)o. The bijection satisfies desirable
properties, all of which follow readily from the construction of 7,:

Proposition 3.7.3. The map (E/F,x) — m, is a bijection Po(F)g — 3 (F)o. If
(E/F,x) € Py(F)o, then

(1) If ¢ is a character of F* of level 0, then my,, = @my.
(ii) The central character wy, of my is wr, = X|px.
(1it) The pair (E/F,x) is admissible and 7, = 7.

Next we show how to attach an irreducible supercuspidal representation to a minimal
admissible pair (E/F, x) when the level of x is greater than 0. We detail the construction,
but for the proofs some propositions upon which it relies we direct the reader to [BH06,
§19.4].

Fix ¢ an additive character of F' of level 1. Let (E/F, x) be a minimal admissible pair
with x of level n > 1. We use the notation g = 9 o trg/p, and 14 = 9 o tr4. Choose
an element o € pz" such that x(1 + z) = ¢Yp(ax) for all z € p%mﬂ. The element « is
necessarily minimal over F' (cf. [BHO6, §18.1-18.2]). Choose an F-embedding of F into
A and let 2 be the unique chain order in A with £* C Kg. Then ey = e(E/F) and
(A, n, ) is a simple stratum.

Using the notation of the previous sections, associated the stratum (2, n,a) we have
the subgroups J,, J., and H!. We construct a A € C(1),,2). The process will feel
familiar to the analysis of cuspidal types in § [3.6.1]

We begin with the easier case, and suppose that n = 2m + 1 is odd. Then J, =
EXUZ . We define A € C(1),,21) as the character of J, given by A|px = x and A|U;1n+1 =

1o. The triple (A, J,, A) is then a cuspidal type and so
Ty = c—Indi A

is an irreducible supercuspidal representation containing the fundamental stratum (2(, n, ).
Therefore ¢(my) = n/e(E/F) and the central character is wy_ = x|px.
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Now suppose that the level of x is n = 2m > 0. Note that this implies x is trivial on
UL and thus, by definition, E/F is unramified. We define 6 a character of H} = ULU;"™
by

0(uz) = Pa(u)x(z),
for u € UQ’[”Jrl and x € U},. Then, as in § we put n = 1y for the unique representation
of J} = ULUJ" which contains 6. The key result is the following:

Proposition 3.7.4. There is a unique irreducible representation A of J, such that
(1) A

(11) A|px is a multiple of x|px.

JL =1,

(11i) For every ( € up~pr (pr denotes the roots of unity in F') we have tr A(¢) = —x/(().
The representation A of the proposition above ends up lying in C'(¢,,2). We set
™ = c-Ind§, A,

in this case, to yield an irreducible supercuspidal representation of G. Here, we have
() = n and the central character is once more wy_ = x|px.

In all constructions above, the m, that is produced does not depend on any choices
made (that of ¢, of o, and of the embedding £ — A). Moreover, if ¢ is a character of
F* such that (E/F, x¢g) is minimal, then one has (cf. [BHO06| §19.5])

Txpr = PTx-
If (F/F, ) is any admissible pair, then there exists x’ such that (E/F,x’) is a minimal
admissible pair and ¢ a character of F'* such that x = x'¢p. We define m, = ¢m,,. This
construction is independent of choice of x’ and ¢. Then ¢(7,) = n/e(E/F) where n is
the level of x, and w;_ = x|px.

In every case detailed in the paragraphs preceding, the m, produced depends only
on the isomorphism class of the admissible pair (E/F,x). Let Po(F) be the set of such
isomorphism classes, and &7 (F) the set of equivalence classes of irreducible supercuspidal
representations of G. The main result is the following.

Theorem 3.7.5 (Tame Parametrization Theorem). The map (E/F, x) — m, is a bijection
Po(F) — oty (F).
For (E/F,x) € Po(F), we have:
(1) If x has level n, then {(m,) = n/e(E/F).
(ii) The central character of m, is given by wx, = X|rx.
(111) The pair (E/F,X) is also admissible, and 7y = 7.
(iv) If ¢ is a character of F*, then Ty, = @my.

Proof. Observe that the properties listed in the theorem have been observed already. The
full details of the map being a bijection are given in [BH06, §20 - §22]. O

Remark 11. Here is an instance where our assumption on the residual characteristic of F
is pivotal. If char(¢r) = 2, then the map in the theorem above is not a bijection. Instead,
it is a bijection onto the set of equivalence classes of unramified irreducible supercuspidal
representations of G. An irreducible supercuspidal representation 7w of GG is unramified if
there exists a nontrivial unramified character ¢ of F* such that pm = 7.
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Weil Representations

Having completed our study of the representation theory of GLy(F"), we shift our attention
to the Galois side of the picture. We start with recalling the definition of the Weil
group of F', Wr, some of its basic properties, and how those properties manifest in its
representations and Artin’s L-functions attached to such representations.

It turns out that for the local Langlands correspondence to hold, one needs to consider
a certain class of Weil representations, called Weil-Deligne representations. We will see
how these naturally arise when considering ¢-adic representations of Wr (representations

over Qy for £ # p).

4.1 The Weil Group

We first recall the definition of Wr. Fix a separable algebraic closure F*P of I’ and denote
by G the absolute Galois group Gal(F®?/F'). For each positive integer m, F' admits
a unique unramified extension F,, C F*P of degree m. One has Gal(F,,/F) = Z/mZ,
which is generated by the element ¢,, which acts on the residue field as ¢,,: z +— 7. We
put @, = ¢ 1. Let F™ the maximal unramified extension of F in F*®. Then,

Gal(F™ /F) = lim Gal(F,,/F) = lim Z/mZ = Z.

m>1 m>1

Then, there is a unique element &z € Gal(F™ /F') such that &g acts as ®,,, on F,, for all
m. Any element of G whose image under the quotient map

Gr — Gal(F™ /F)

O is said to be a (geometric) Frobenius element. The kernel of the above quotient map
is the intertia subgroup Ir = Gal(F™P/F™).

Inside Gal(F™/F), the element ®p generates an infinite cyclic subgroup (®r) = Z.
The Weil group of F (relative to F®P), W, is, as an abstract group, the preimage of
(Pr) in Gp. However, Wp is topologized in a way that does not agree with the subspace
topology it inherits from the profinite topology on G . Instead, Wp is topologized with
the unique topology such that Ir C Wp is open and the subspace topology on Ir in Wg
agrees with that inhertied by Ir from Gp.

If E/F is a finite extension in F*P  then the natural inclusion Gg — Gp induces a
isomorphism (both topological and algebraic) of Wg onto an open subgroup of Wg, which
is normal if and only if E/F is Galois. We identify this subgroup with Wg henceforth.
For a more robust account of the Weil group, [Tat79] is an excellent soruce.
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4.1.1 Representations of Wy

Since G is a profinite group, its representations are all semisimple. On the other hand,
W is locally profinite, and admits Z as a quotient. Thus, as Rep(Z) is not semisimple,
there exist indecomposable smooth representations of Wyg. In this section, we consider
smooth representations of Wy over C.

In the irreducible case, the representation theory of Wr is closely tied to that of G.
Since Wr embeds in G with dense image, the category Rep(Gr) may be indentified with
a subcategory of Rep(Wr). A smooth representation of W is said to be of Galois type
if it lies in Rep(Gr). More concretely, let t: Wr — G be the inclusion map. Then, if p
is a smooth representation of G, the composition p o ¢ defines a representation of We.
With this, a representation 7 of Wr is of Galois type if 7 = po. for some representation p
of Gp. We first work towards giving a characterization of irreducible Weil representations
of Galois type.

Lemma 4.1.1. Let (p, V) be a an irreducible representation of Wg. Then (p, V') is finite
dimensional.

Proof. See [BH06, §28.6] u

As before for representations of GLy(F'), we will write det p the character given by
x +— det p(z) for a given smooth representation p of Wr or of Gp.

Proposition 4.1.2. Let (p, V') be an irreducible smooth representation of Wg. Then the
following are equivalent:

(i) The group p(Wr) is of finite order.
(ii) The representation p is of Galois type.
(11i) The character det p has finite order.

For any irreducible representation p of W, there exists an unramified character x of Wg
(a character which is trivial on Ir) such that x ® p satisfies the equivalent conditions
above.

Proof. Suppose that p(Wp) is finite and let ® € Wp be a Frobenius element. Then p(®)
has order d < oco. Any element w € Gr may be written w = o®“ for some o € I
and a € Z. For such an a, there exists a € Z such that @ = a (mod dZ). Moreover,
this a is uniquely determined modulo dZ. We may define a Gp-representation 7 by
T(0®*) = p(0)p(P)®. Then 7 is irreducible and smooth, and we have that 7o ¢ 2 p.

The fact that (ii) implies both (i) and (iii) is immediate, as a Galois representation
will have both these properties by a standard compactness argument. Thus we assume
(iii) and show (i). Again let ® € Wp be a Frobenius element. Then, as p(Ir) is finite
(again, compactness), there is an integer k > 1 such that p(®*) = p(®)* commutes with
p(Ir). On the other hand, p(®)* vacuously commutes with the Frobenius part of Wi.
Thus, p(®)* commutes with the entirety of W and is hence a scalar. Now if det p has
finite order, then so too does the scalar p(®)*, whence p(Wr) is finite.

No matter what, the arguments of the previous paragraph show that if p is an irre-
ducible smooth representation of Wp, then there will be some integer £ > 1 such that
p(®)* is a scalar ¢. Choose an unramified character y of Wy such that x(®)¥ = c¢. Then
X! ® p satisfies the equivalent conditions of the proposition. ]
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An observation one may make upon reflecting on the previous two proofs is that, with
respect to the representation theory, in the decomposition Wg = (®) x I, the profinite
inertia subgroup part is well-behaved, while the Frobenius part introduces complications.
This intuition is further corroborated when analyzing the semisimplicity of a Weil repre-
sentation.

Proposition 4.1.3. Let (p, V') be a smooth, finite dimensional representation of Wg and
let ® € Wr be a Frobenius element. Then the following are equivalent.

(i) The representation p is semisimple.
(i) The automorphism p(®) € GL(V') is semisimple.
(11i1) The automorphism p(¥) € GL(V) is semisimple for any ¥ € Wr.

Proof. Obviously (iii) implies (ii), so suppose (ii). As we have seen before, there is some
integer d > 1 such that p(®)? commutes with the finite group p(Ir). Since p(®) is
semisimple, so too must be p(®)¢. Therefore, p restricted to the open subgroup (I, ®%)
is semisimple. This is equivalent to p being semisimple (cf. [BHO06, §2.7]). Thus (ii)
implies (i).

Now suppose (i) holds. Let ¥ € Wyr. If U € I then the result is immediate, so
we accordingly assume ¥ ¢ [p. Therefore U € Wg for some finite extension F/F and
Wg = (Ig, V). By assumption, p|yy, is semisimple, and so we may as well assume that
F = E. Moreover, since p is semisimple and thus a sum of irreducible representations,
we can assume p is irreducible, and the result will hold for the sum of such irreducibles.
From the proof of the previous proposition, we see that p(V) = cp, where ¢ € C* and ¢
is an operator of finite order. Therefore p(¥) is semisimple as desired. O

We use the following notation moving forward. Let E/F be a finite extension in F5P,
so that Wg C Wp. Then, we abbreviate the induction Indxg functor to Indg/p. Similarly,
the restriction functor Res%g will be written Resg/p. For the set of isomorphism classes
semisimple n-dimensional smooth representations of Wg, we put G¥(F'). For the set of

isomorphism classes of n-dimensional irreducible smooth representations of Wg, we put
GO(F). With this, we have

Indg/p: G (E) = Goa(F),
where d = [E : F|, and

RQSE/FZ QZS<F) — QZS(E)
4.1.2 [L-Functions Attached to Weil Representations

Let
artp: FX 5 Wb

be the local reciprocity map of local class field theory. This isomorphism allows one
to identify characters of F'* with characters of Wp, as any such character must factor
through the Abelianization W2P. It is known that to a character x of F'*, one may attach
the L-function

Lix. s) (1 —x(w)g*)~ if x is unramified,
78 = .
X 1 otherwise.
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Fix a Haar measure dr on F, and let d*r = ||x||"'dz. Then d*z is a Haar measure on
F*. For any compactly supported smooth function f € C°(F*), we define the local zeta
function

Z(f.x.s / F@)x(@) ol d .

Working relative to a nontrivial additive character ¢ of F', we have the Fourier transform

of f,
- / f (@) (ay)dz

In his doctoral thesis ([Tat67]), Tate proved that these local zeta functions satisfy the
functional equation

2, %1 =5) _ c(x, 5,0) Z(f, X )’
L(x,1-s) L(x, s)
for some £(x,s,1) € C(q¢~*) which is independent of f. The e(x,s,) are called local
epsilon factors, and they are given by relatively simple expressions, which may be found
in [Tat79, §3].
If X is a character of W, then x’ oartr is a character of F'*. Using this identification,
we define L-functions and local epsilon factors of characters of the Weil group. We set

L(X',s) = L(x' o artp, s),
and
E(Xlu S, w) = €<X/ © artF7 S, w)
We extend these definitions to semisimple smooth Weil representations. The L-functions
are relatively strightforward to define. First we define them for an irreducible smooth

representation p € G°(F). If n = 1, then p is a character and the definitions are as above.
If n > 2, we set

L(p,s) = 1.
Using these, we extend to all semisimple representations by

L(p1 @ pa,s) = L(p1, s)L(p2, s).

The analogue of the local epsilon factor for semisimple Weil representations requires more
effort to define. We first define, for a finite separable extension E/F the regular represen-
tation,

RE/F = IndE/F 1g,

where 1 is the trivial character on Wg. This representation has determinant
»g/p = det Rg/p,

which is of order 2. We continue with the notation ¥y = 1 o trp for a character ¢ € 2
and we write G*(F) = [J,,», G5 (F).

Theorem 4.1.4. Let ¢ be a nontrivial additive character of F'. Let E/F range over all
finite extensions of F contained in F*P. Then there is a unique family of functions

gSS(E) _) C[qs’ q—S]X
p—e(p,s,vp)

with the following properties:
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(i) If x is a character of E*, then
e(x, 8,g) = e(xoartp™,s,¢g).
(i1) For py,p2 € G*(E) one has
e(p1 @ pa,5,9p) = (p1, 5, ¥p)e(p2, 5,9E).

(i) If ED K D F and p € G*(E), then

e(Indg/k p, s, Vk) _ e(Re/k, s, V)"
6(/), S7¢E> 8(1E78’¢E)n '

For p € G*(F), the ¢(p, s,7) in the theorem is called the Langlands-Deligne local
epsilon factor of p (relative to ¢). The proof of the existence and uniqueness of such a
quantity satisfying the desiderata of the theorem is quite involved and we do not include
it here. One may find a proof in [Del73| or [BH06, §30]. We collect some of the properties
which the Langlands-Deligne local epsilon factors enjoy in the following proposition, whose
proof is also found in [BHO06, §30].

Proposition 4.1.5. Let ¢ be a nontrivial additive character of F' and let p € G*(F).
Then,

(i) There is an integer n(p, 1)) such that
e(p,s,0) = "G e (p,1/2,9).
(i) Let a € F*. Then,

i _1
elp, s, avy) = det p(a) al| ™ 2e(p, 5, 9),

and
n(p,ap) = n(p,¥) + vr(a) dimp.

(i1i) The Langlands-Deligne local epsilon factors satisfy the functional equation
E(p7 Saw)e(pvv - S, ¢) = det p(_l)
() There exists n, € Z such that if x is a character of F* of level k > n,, then
e(x ® p, s,9) = det p(c(x)) " 'e(x, s, 9) ™7

for any c(x) € F* such that x(1+ x) = (c(x)z) for all x € p[k/2]+1'

4.2 Weil-Deligne Representations

For an element © € Wg, we put ||z| = ¢~ **® where vp: Wp — Z is the canonical map
sending geometric Frobenius to 1.
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Definition 4.2.1. A Weil-Deligne Representation of Wy is a triple (p, V,n) where (p, V)
is a smooth representation of Wy of finite dimension, and n € End¢(V) is a nilpotent
linear map satisfying

p(x)np(z) ™ = [[z[n

for all x € Wp. The Weil-Deligne representation (p, V,n) is said to be semisimple if
the underlying sooth representation (p, V') is semisimple. We put G,(F) for the set of
semisimple n-dimensional Weil-Deligne representations, up to equivalence.

The definition of a Weil-Deligne representation is best motivated by considering ¢-adic
representations and seeing how the structure of a Weil-Deligne representation naturally
arises.

4.2.1 (-Adic Representations

Fix a prime ¢ # p. By an (-adic representation of Wg, we mean a representation (p, V')
of Wg where V is a Qg-vector space, where Qy is an algebraic closure of Q,. In this
setting, the notion of a smooth representation holds just the same as when we worked
over C. Moreover, if V is a d-dimensional Q,-vector space, then the choice of a basis
identifies GL(V) = GL4(Qy), whence GL(V) inherits a topology which is independent
of the choice of basis. Thus one may discuss continuous (-adic representations, as those
(p, V) where p: Wr — GL(V) is continuous. Every smooth representation is continuous,
but the converse need not hold.
Let V be a finite dimensional Q-vector space. If n € Endg, (V) is nilpotent, then

is a finite sum and defines a unipotent element of GL(V'). Conversely, if u € GL(V) is
unipotent, so that u = 1 + n for some nilpotnent n, then

o0

) J
logu = Z(—l)]_ll
Jj=1 J

is a nilpotent element in Endg, (V).

Remark 12. Let C be any field of characteristic zero and V' a finite dimensional C-vector
space. Then the series defined above define unipotent and nilpotent elements, respectively,
if n € Ende(V) and u € GL(V) are nilpotent and unipotent elements. That is, there is
nothing special about Qy in the constructions.

We put Pr = Gal(F5P/F™), where F*' is the maximal tamely ramified extension of F,
for the wild inertia subgroup. The wild inertia subgroup fits into the short exact sequence

1—>PF—>[F—>HZ3%O,
t#p

as Ir/Pp = Gal(F*™/F™) & HZ# Zy. The isomorphism f: Ir/Pr — H#p Zy is uniquely
determined up to multiplication by [],,,Z,. Moreover, the group Gal(F™/F) acts on
the quotient Ir/Pr by conjugation. Upon computing how a Frobenius element ¢ €
Gal(F™/F) acts on the generators of F'/F™ (which are nth roots of a uniformizer w of
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F for n not dividing the residual characteristic p), one sees that the action is transported
to [1ps, Ze as

f(@a®@7Y) = ¢ f(0).
It follows that there is a continuous surjection t: Ir — Zy, unique up to multiplication
by Z,, whose kernel lies in the exact sequence

1— Prp — kert — H Ly, — 0.
m#£L,p

Similarly, one has
t(grg™") = llglt(x), (4.1)

for x € Ir and g € Wg.
The following theorem is due to Grothendieck.

Theorem 4.2.2 (Grothendieck’s ¢-Adic Monodromy Theorem). Let (o,V) be a finite di-
mensional continuous representation of Wrg over Qp. Then there exists a unique nilpotent
n, € Endg, (V) such that

o(z) = exp(t(z)n,)

for all x in some open subgroup of Ir.

Grothendieck’s ¢-Adic Monodromy Theorem is proven, with some more generality, in
the appendix of [ST6§].

Let us observe the consequences of the (-Adic Monodromy Theorem. Suppose that
(o, V) is a continuous finite dimensional representation of Wy over Qy, as in the theorem.
Then, there exists an open subgroup U C [ such that for all x € U, one has

o) = exp(t(z)n,)
for some unique nilpotent operator n,. Shrinking if necessary, we may assume U is normal

in Wp, so that grg=!' € U for all g € Wp. Then, we get

o(g) exp(t(z)n,)o(g) " = exp(t(gzg " )n,). (4.2)

Using (4.1]), the right hand side of the above becomes

exp([|glt(z)ns).

Then, upon computing the exponential series on both sides of (4.2]), which, by the nilpo-
tency of n, have finitely many terms, the unicity of n, implies

a(g)meo(g9)~" = |lglln, (4.3)

for all g € Wp.
With this, we fix a Frobenius element ® € Wp, and define the map o¢: Wr — GL(V)
by
00(9°2) = o(0"2) exp(—H(x)n, ),
where a € Z and x € Ir. By Grothendieck’s /-Adic Monodromy Theorem, o¢ is trivial on
an open subgroup of I and so defines a smooth ¢-adic representation of Wr. In particular

0g is a continuous ¢-adic Weil representation, and so by (4.3)), the triple (04, V,n,) is a
Weil-Deligne representation.
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Let Rep%z(WF) denote the category of finite dimensional continuous representations
of Wg over Q, and let D-Repg, (Wr) denote the category of Weil-Deligne representations
over Q. The constructions above suggest the assignment

(0,V) = (00, V1)

is a functor

ReprW(Wp) — D-Repg,(Wr).
The reality is even better.

Theorem 4.2.3. Let ® € Wy be a Frobenius element and let t: Ir — Z, be a continu-
ous surjection. Then, the assignment (o,V) +— (0, V,0,) is functorial and induces an
equivalence of categories

Repg-(Wr) 2 D-Repg,(Wr).

Moreover, the isomorphism class of the Weil-Deligne representation depends only on that
of (¢,V). In particular, the functor is independent of choice of ® and t.

Proof. See [BH06|, §32.6] O

As the equivalence in theorem is independent of the choices of a Frobenius element
and surjection t: Ir — Zy, the assignment (o, V') — (0¢, V,n,) gives a canonical bijection
between the set of isomorphism classes of finite dimensional continuous representations
of Wp over Q; and set of isomorphism classes of Weil-Deligne representations over Q.
Any choice of isomorphism @, = C induces a bijection from either of the aformentioned
sets to the set of isomorphism classes of Weil-Deligne representations over C. We remark,
however, that this bijection is certainly not canonical.

We say that a Weil-Deligne representation (p, V,n) is semisimple if the underlying
smooth representation (p, V') is semisimple.

Definition 4.2.4. A finite dimensional continuous representation (o,V’) of Wg is ®-
semisimple (read “Frobenius semisimple”) if there exists a Frobenius element ® € Wgp
such that o(®) is semisimple.

It turns out that ®-semisimplicity of a finite dimensional continuous representation
of Wr and semisimplicity of its associated Weil-Deligne representation are equivalent
notions.

Proposition 4.2.5. Let (0,V) be a finite dimensional continuous representation of W
over Qu. The following are equivalent:

(1) The representation (o,V) is ®-semisimple.
(i) The associated Weil-Deligne representation (o, V,n,) is semisimple.
(11i) The automorphism o(g) is semisimple for every g € Wg \ Ip.
Proof. Recall that, by construction, for any Frobenius element ® € Wy, we have
00 (®) = o(®) exp(—t(1)ny) = o(®).

Thus, the equivalence of (i) and (ii) follows immediately from proposition 4.1.3] Also,
the fact that (iii) implies (i) is immediate. Thus it remains just to show (i) implies (iii).
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Suppose that ¢ = ®x for some x € Wpr and ® a Frobenius element. Then the operators
0(g) and o(®), which is assumed semisimple, are conjugate, whence o(g) is semisimple. A
generic g € Wr is of the form ®%z, for x € Ir and a € Z. In this case, we restrict to Wg
for E/F unramified of degree |a|. Then the same argument shows o(g) is semisimple. [

Combining this result with theorem 4.2.3, we arrive at the following.

Theorem 4.2.6. Let n > 1 be an integer. Then the set of isomorphism classes of the
following two types of representations are in canonical bijection:

(i) n-dimensional semisimple Weil-Deligne representations over Q.
(11) n-dimensional continuous ®-semisimple representations of W over Q.

Moreover, a choice of isomorphism Q; = C induces a bijection with either of the above
two sets with the set of isomorphism classes of n-dimensional semisimple Weil-Deligne
representations over C.

Thus we see that by considering finite dimensional continuous representations of Wg
(which appear in “nature”, e.g. via étale cohomology) which are well-behaved with respect
to the action of Frobenius (are ®-semisimple), the structure of a semisimple Weil-Deligne
representation arises. The connection is made clear by the ¢-Adic Monodromy Theorem.

4.2.2 [L-Functions and Local Epsilon Factors of Weil-Deligne Representations

We conclude this chapter by recording how L-functions and local epsilon factors are de-
fined for Weil-Deligne representations. Let (p,V,n) be a semisimple Weil-Deligne repre-
sentation (over C, say). Let V, = kern. The space V, carries a semisimple representation
pn Of Wp: Let v € V,, so that nv = 0. Suppose that V, is not Wg-stable, so that for some
g € Wr we have p(g)v € V,. This implies then that

p(g) " "ap(g)v # 0,

which is clearly a contradiction.
We accordingly set

L((p,V,n),s) = L(px, s).

The contragredient (p, V,n)Y of (p,V,n) is defined to be (p,V, —1), where tt € Endc(V)
is the transpose of n. The local epsilon factor of the Weil-Deligne representation (p, V,n)
is

£((p,Vin),s,4) = e(p, s, @Z))EEI[Z’ i)z(SEnL(lpi’ z;
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Chapter 5

Automorphic L-Functions and the Godement-Jacquet
Functional Equation

In the previous chapter we saw how, through the local reciprocity map, one may define
L-functions and local epsilon factors corresponding to characters of the Weil group We.
From there, we were able to extend the definitions to higher dimensional Weil represen-
tations and Weil-Deligne representations. Ultimately, the Langlands correspondence will
demand some sort of compatibility between the L-functions and local epsilon factors of
Weil-Deligne representations and analogous L-functions and local epsilon factors associ-
ated to representations of GLy(F'). In this chapter we define these L-functions and epsilon
factors as well as the functional equation which they satisfy, called the Godement-Jacquet
functional equation. The chapter culminates in the so-called “Converse Theorem,” which
states that the L-functions and epsilon factors associated to a irreducible smooth repre-
sentation (m,V) of G = GLy(F') essentially determines 7. Here we largely just state and
collect the results regarding these L-functions which will be essential to showing the local
Langlands correspondence, directing the reader to [BH06, Ch. 6] for a complete treatment
of the theory.

5.1 The Functional Equation

Let A = Mato(F') and put 9 = Maty(O). Then, the space of compactly supported
locally constant functions on A, C°(A), is spanned by the characteristic functions of
cosets a + p’ 9N, for a € A and j € Z. We work relative to a fixed nontrivial additive
character ¢ € F' and form the additive character )4 of A by defining 14 = 1 o try.

Let ® € C°(A). We define its Fourier transform, ®, by

b — /G () a(wy)du(y),

relative to a Haar measure p on A. The theory of Fourier analysis on locally compact
groups ensures that ® € C°(A) as well, and moreover that there exists a unique self-dual
Haar measure (with respect to ) ,u;;‘ on A for which the Fourier inversion formula holds:

for & € C*(A).
For (m, V) an irreducible smooth representation of G, we denote by C(m) be the space
of coefficients of 7, as in section 3.1} For ® € C°(A) and f € C(r), we consider zeta
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integrals of the form
(. £.5) = [ ®(a) @) detal s,

where d*z is shorthand for du*(z) and p* is a Haar measure on G. With this we may
define the L-function associated to .

Theorem 5.1.1 (Theorem-Definition). Let (7, V') be an irreducible smooth representation
of G and let ((P, f,s) be a zeta integral as above. Then:

(i) There exists so € R such that (P, f,s) is absolutely and uniformly convergent in
the half-plane Re s > so. Moreover the integral represents a rational function in q¢=°.

(i) Let Z(m) = {C(®, f,s+1/2) | ® € CX(A), f € C(m)}. Then, there exists a unique
polynomial P.(X) € C[X]| such that P,(0) =1 and

Z(m) = Pr(q*)"'Cl¢®, ¢

We then define L(m,s) = Pr(q~%)!.

 Let (m, V) be an irreducible smooth representation and let f € C(7). Then, we define
[ €C(x) by )
frg= flg™)

The process f — f defines an isomorphism C(7) 2 C(#). The main result is the following.

Theorem 5.1.2. Let (m, V) be an irreducible smooth representation of G. Then, there
exists a unique rational function y(r,s,v) € C(q¢~*) such that

C((i)7fv73/2_s> :’y<ﬂ->57w)<<q)7f71/2+5>
for all ® € C*(A) and f € C(m).

The equation appearing in theorem [5.1.2| is called the Godement-Jacquet functional
equation. We then define the Godement-Jacquet local epsilon factor

£(m5,) = (5, ) T

Proposition 5.1.3. The Godement-Jacquet local epsilon factor satisfies the functional
equation

e(m, s,)e(7r, 1 — s,0) = wr(—1).
Moreover, we have
e(m,s,9) = ag”
for some a € C* and b € Z.

In light of the proposition above, we may write
e(m,5,9) = "G e (n,1/2,9)

for some n(m, ) € Z.

We now state some results to assist in the computations of L-functions and local epsilon
factors. These will be delineated by whether the representation (7, V') is supercuspidal or
not. Firstly, in the supercuspidal case:
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Proposition 5.1.4. For ¢ € GLy(F), let ¢, be the character defined by v.(x) = a(c(z —
1)). Let (2, J,A) be a cuspidal type in G and let n be the least integer such that Uy ™ C
ker A. Choose ¢ € J such that A\Ugﬂ is a multiple of V¥.. If m = c—Indf,; A, then

e(m,1/2,4) = ¢* Z tr A (cx)va(ce),

where x ranges over UQ[[(HU/Z]/UQR"/Q]Jrl and, writing P = rad 2,
o ) (dimA)~! if n is odd,
= (dim A)~1(A :P)"2  if n is even.

Proof. See [BHO06|, §25.5] O

The main result for representations in the principal series is the following. Recall we
put ¢& for the normalized induction functor from B to G (the subgroups B and T of G
are as in Chapter 2).

Theorem 5.1.5. Let x = x1 ® x2 be a character of T and let ™ be a G-composition factor
of t%x. For any nontrivial additive character ¢ of F, we have

L(m,s) = L(x1, ) L(x2, s)
5(7T7 S, ’17/)) = 5(X1a S, ¢)5(X27 S, ¢)>

except when ™ = ¢ - Stg for an unramified character ¢ of F*. In this case we have
Lir,s) = L(p,s+1/2)

and

e(m,s,9) = —e(p, 5,9).

We conclude this short chapter on the L-functions of representations of GLy(F') by
recording the Converse Theorem. Recall that for a character x of F'* and an irreducible
smooth representation 7 of G, we denote the twist of m by x as ym, which is the repre-
sentation z — y(det x)m(x).

Theorem 5.1.6 (Converse Theorem). Let ¢ be a nontrivial additive character of F' and
let w1, 9 be two irreducible smooth representations of G. If

L(Xﬂ-la S) = L(XTFQa 8)

and
g(Xﬂ-la S, ¢> = g(Xﬂ-?’ S, 2/))

for all characters x of F*, then m = m,.

Thus we see that the L-functions and Godement-Jacquet local epsilon factors carry
an immense amount of information about their associated representations.
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Chapter 6

The Local Langlands Correspondence for GlLy(F)

We now have developed all the necessary machinery to state and prove the local Langlands
correspondence for G = GLg(F). The local Langlands correspondence is a canonical
bijection between the set of equivalence classes of irreducible smooth representations of
G and 2-dimensional semisimple Weil-Deligne representations of Wg. Of course, between
any two sets of the same cardinality we have a plethora of bijections. The canonicity of
the local Langlands correspondence is realized in compatibility between the L-functions
and epsilon factors on both sides, as well as the bijection commuting with twisting by
characters of F'*.

The correspondence on the automorphic (GLy(F')) side will, perhaps unsurprisingly,
be delineated between those representations in the principal series and the supercuspidal
representations. On the Galois side, this delineation manifests between the non-irreducible
and irreducible Weil-Deligne representations, respectively. The bijection between princi-
pal series representations of G and non-irreducible semisimple Weil-Deligne representa-
tions is relatively quick to state and prove. Indeed, we will just construct a map and show
it satisfies the desiderata. On the other hand, the construction of the bijection between
supercuspidal representations of G' and irreducible Weil-Deligne representations requires
considerably more care.

We remark, one final time, that the bijection as described in this chapter is a bijection
only when the residual characteristic of F' is p # 2. This is a reflection of the same
limitation of the Tame Parametrization Theorem (theorem [3.7.5)).

We will use the notation % (F') for the set of equivalence classes of irreducible smooth
representations of GLo(F'). Similarly, we put Gy (F') for the set of 2-dimensional semisimple
Weil-Deligne representations of Wpg. If y is a character of Wpg, we also write x for
the character x o artyp of F*. With this, we may formally state the local Langlands
correspondence.

Theorem 6.0.1 (Local Langlands Correspondence). Let ¥ be a nontrivial additive char-
acter of F'. Then, there exists a unique bijection

LLC: Go(F) — a4 (F)
such that

L(xLLC(p), s) = L(x ® p, 5), (6.1)
e(XLLC(p), s,¢) = e(x ® p,s,9) (6.2)

for all p € Go(F) and characters x of F*. The bijection and relations above hold for all
nontrivial additive characters of F'.
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First, one must remark that the unicity of the map LLC as described in the theorem
is immediate by the Converse Theorem (theorem [5.1.6).

As eluded to in the preamble, the proof of the local Langlands correspondence will be
split into two cases. Indeed, we have a decomposition

Go(F) = GI(F) U Gy(F),

where GY(F)) is the set of equivalence classes of irreducible Weil-Deligne representations
and Gi(F) is that of non-irreducible semisimple Weil-Deligne representations (more pre-
cisely, this means those triples (p,V,n) where the underlying (p, V') is a reducible rep-
resentation). We observe that, for (p,V,n) € GI(F), since V, = kern is a Wpg-stable
subspace of V' and a nilpotent operator will always have a nonzero kernel, it is forced that
n = 0 by the irreducibility of p. Therefore we may as well consider GJ(F') to be the set of
isomorphism classes of irreducible smooth representations (p, V') of Wr.
On the GLy(F') side, the set @4(F) admits a decomposition

(F) = oy (F) U oty (F)

where o7(F) is the set of equivalence classes of supercuspidal representations of G and
oy (F) consists of equivalence classes of irreducible smooth representations of G in the
principal series. We first show that the correspondence LLC respects these decomposi-
tions.

Proposition 6.0.2. Let T € o (F). Then m € oy (F) if and only if L(pm,s) =1 for all
characters ¢ of F*.

Proof. The necessity is the content of [BHO6, §24.5, Cor.] after observing that if 7 is
supercuspidal then so too is @m for any character ¢ of F'*. On the other hand, suppose
that 7 is not supercuspidal. Then, 7 is a composition factor of t§y for some character
X = X1 ® x2 of F*. This means @7 is a composition factor of t%py where we recall
©x = ex1®@Xa. Take ¢ = x5 . Then it follows from theorem [5.1.5|that L(¢m, s) # 1. O

Similarly, on the Galois side we have:

Proposition 6.0.3. Let p € Go(F). Then p € GY(F) if and only if L(p ® p,1) =1 for
all characters ¢ of F*.

Proof. This follows directly from the definitions of L-functions for Weil-Deligne represen-
tations, as outlined in section [4.2.2] O

Since the map LLC should satisfy
L(XLLC(p),s) = L(x ® p, s)

for all characters xy of F'*, we conclude as a consequence of the previous two propositions
that LLC must send GY(F) to & (F) and G;(F) to < (F).

6.1 The Map LLC on G,(F)

We remarked at the beginning of the chapter that the correspondence between G; (F) and
oy (F) is the easier of the two to show. Accordingly, we prove it first.
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Theorem 6.1.1. There is a unique bijective map
LLC': G3(F) — o (F)

such that
L(XLLC'(p),s) = L(x ® p, s)

for all characters x of F*. Moreover, we have
LLC'(x ® p) = xLLC'(p)
for all characters x of F* and

e(LLC(p), 5,9) = e(p, 5, )
for all nontrivial additive characters 1 of F and p € Go(F).

Proof. We define the map LLC' as follows: Let (p,V,n) € Gi(F). Since (p,V,n) is
semisimple, we have p = y1 & x» for characters y1, y2 of F’*. We then form the character
X = X1 ® X2 of the torus T C G and consider the normalized induction ™ = ¢%y. If 7 is
irreducible, then (p, V,n) being a Weil-Deligne representation forces n = 0. Suppose that
the nilpotent n is given as n = (3 &). Then we have p(z)np(z)~! is given by

(Xlé$> X2(2$)) (8 8) (Xl(g>_1 X2(g)1> N (8 XlX?(Ox)Aa)'

On the other hand, we have p(z)np(z)™' = ||z|jn. But from the Irreducibility Criterion
of Chapter 2 (theorem , the normalized induction %y is irreducible if and only if
X1X5 " is not the map z + ||z||*'. Thus we have n = 0. We then set LLC'(p) = 7, and
the relations on L-functions and epsilon factors follow by definition. Moreover, we have
LLC'(p ® p) = pLLC(p) for any character ¢ of F’* immediately as well.

Thus it remains just to handle the case of t%y, with x = x1 ® x2 as before, being
reducible. Thus, by our classification of representations in the principal series, there exists
a character ¢ of F'* such that y;(z) = ¢(z)|lz||~"/? and x2(z) = @(x)||z|/*/2. With this it
is easy to see that there are only two representatives (p,V,n) € GI(F) with p = x1 @ xo,
distinguished by whether or not n = 0. We then set

LLC'(p,V,0) = ¢ o det

and
LLC!(p,V,n) = ¢ - Stg.

In the first case, p, = p, and so the associated L-function is
L((p,V,0),8) = L(x1 ® x2,5) = L(x1, s)L(x2, 5)-
Then, by theorem [5.1.5
L(LLC'(p), s) = L(x1,5)L(x2. 5)
as well. The case of n # 0 is similar. O
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6.2 The Map LLC on GI(F)

We now shift our attention to demonstrating the local Langlands correspondence between
irreducible smooth representations of Wp and supercuspidal representations of GLy(F),
where the bulk of the work is required. Observe by propositions [6.0.2| and [6.0.3] the rela-
tionship between L-functions as demanded by theorem is a moot point. Accordingly,
it is our goal to prove:

Theorem 6.2.1. Let i) be a nontrivial additive character of F'. There is a unique bijective
map

LLC: G)(F) — o (F)

such that
e(x ® p, 5,1) = e(YLLC(p), 5, 1)),

for all p € GY(F), multiplicative characters x of F*, and nontrivial additive characters v

of F.
First a simplifying proposition.

Proposition 6.2.2. Let LLC® be a map satisfying the relationship with epsilon factors
as in theorem relative to a nontrivial additive character ¢ of F'. Then,

(i) If p € GY(F) and m = LLC(p) then the central character of 7 is w, = det p.

(i) The map LLC® satisfies

e(x ® p,5,9) = e(XLLC"(p), 5, )
for all nontrivial additive characters i of F.

Proof. See [BHO06|, §33.4] O

6.2.1 Admissible Pairs and Irreducible Smooth Representations of Wy

In section [3.7, we saw that there is a bijection between the set of isomorphism classes
of admissible pairs P(F') and irreducible supercuspidal representations <7 (F). We will
take advantage of this to construct our bijection between GJ(F') and 2% (F'). Recall that
an admissible pair (E/F,§) € Py(F) consists of a tamely ramified (vacuous for us with
residual characteristic of p # 2) quadratic extension F/F and a character £ of E*| subject
to a condition on factoring through the norm map. By local class field theory, we may
view ¢ as a character of W, and define

pe = Indg/r &.
We first prove the following:

Theorem 6.2.3. Let (E/F,§) be an admissible pair. Then, the induced representation
pe = Indg/r & of Wr is irreducible. Moreover, when the residual characteristic of F' is
p # 2, then the assignment (E/F,§) — pe induces a bijection

Py(F) — G(F).
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Proof. Let (E/F,€) € Py(F) and let 0 € Gal(E/F) be the nontrivial element. Since &,
by definition, does not factor through the norm map Ng,r, the characters £ and § o o of
E* are distinct. Passing via local class field theory to Wg, this means the characters &
and &7 (which is z — £(ozo™1)) of Wg are distinct.

Since Wy is a normal subgroup of Wy of index 2, the induced representation pg is
irreducible as a result of £ # £?. Moreover the equivalence class of p; depends only on
that of (E/F,&) by construction. We say that a representation p € GY(F) is unramified
if there exists an unramified character y of Wg such that p = y ® p. With this, we have
the following lemma.

Lemma 6.2.4. The representation pe is unramified if and only if E/F is unramified.

Proof of Lemma. We put s = »gp for the character of F'* which is trivial on Ng/p(E>)
(passing our previous definition of sz, p through artp). We then have

x @ pe = Indg/p(xp @ §),

where »p = > o Ng/p. Clearly by assumption g = 1, then. Thus we see if E/F is
unramified, then s is an unramified character whence one implication follows.

On the other hand, suppose p¢ is unramified and let x be the unramified character
of F* such that p = x ® p (as usual identifying characters of F* with those of Wg). If
o € Gal(E/F) is nontrivial then {7 /¢ = xoNpg/p. It follows then that [y factors through
Ng/r which by the definition of admissible pairs forces that F /F' is unramified. O

Returning to the proof of the theorem, we now show that (E/F.,{) — pe is injective.
Let (E1/F,&), (E2/F,&) € Py(F) and suppose that pg, = pe,. In the case that E;/F =
Ey/F we might as well take Fy = Ey = E. Then, it follows from Clifford’s theorem on
restricted representations to finite index subgroups that

pfl’WE = 51 D 5(177

where again o is the nontrivial element of Gal(E/F"). This means that & = & or & = &7.
In either case, the admissible pairs (E/F, ;) and (E/F, &) are isomorphic.

Suppose then that £ /F and Es/F are not isomorphic. Then at least one of the E; is
totally ramified. Thus, if we put L = E; Es for the compositum, we have [L : F] =4 and
that the maximal unramified subextension E/F in L/F is of degree 2. The representation
pe; = pe, is fixed by tensoring with the characters sg, /r and g, ,r, whence it is also fixed
by tensoring with s»g/p. But E/F is unramified and so sg/p is an unramified character.
The lemma then yields £y = Ey = E, but we assumed E; # E,. Therefore (E/F,§) — pe
is injective.

To prove surjectivity, we first consider the case that p is an unramified representation
of Wg. In this case, by considering how p & x ® p (for some unramified x) acts on a
Frobenius element, one may show that p is induced from some character £ of an unramified
quadratic extension E/F, whence p = p¢ for an admissible pair (E/F,¢).

Now suppose that p is not an unramified representation of Wg. As p is 2-dimensional,
the restriction of p to the wild inertia subgroup Pr (which is a pro p-group) decomposes
into a sum of characters. Thus there is a finite tamely ramified extension K /F such that
plwe = 0 & 0 for characters 6§ and ¢'. Then, the Weg-stabilizer of 6 is Wy, for some
quadratic L/F with L C K.

From the natural representation of W, on the f-isotypic subspace of p we get a char-
acter £ of Wy, such that p = Indy p&. Passing via artp to view £ as a character of L*,
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we claim that the pair (L/F,§) is an admissible pair. Let o be the nontrivial element of
Gal(L/F). Then we have that 7|y, = ', and so £ # £7. It follows then that £ does not
factor through Ng/r. Since p is not unramified and rho = Indy/r §, we have that L/F
is totally ramified. This means if ¢ |U£ factors through Ny p, then the character £7¢71 is
trivial on Uy, = UpU}, and is thus unramified. Thus £7 = (x o Np,p)§ for some nontrivial
unramified character y of F’*. But then p = xy ® p, which would mean p is unramified,
which is a contradiction. Thus the pair (L/F, zi) is admissible, as desired.

In the case that 8 = @', it follows quickly that p must be unramified yielding the same
contradiction. O

Thus we have a bijective map Po(F) — GI(F) given by (E/F,£) — pe. On the
other hand, in section [3.7] we demonstrated the bijective map Po(F) — &4 (F') given by
(E/F,&) — m. From this there is an obvious suggestion for what the map GJ(F) —
oy (F) should be, namely the assignment pe — m¢. We let this be a lesson in the dangers
of naivety: The map ps — m¢ does not satisfy the statements of theorem . If it did,
then from proposition the central character of m¢ should be det p;. However, the
central character of ¢ is &|px (cf. theorem [3.7.5)), whereas one can compute (cf. [BHOG,
§29.2 Prop.]) that

detpg = %E/F®£|F><7

where s/ p is as in §.

We accordingly make some adjustments to the map pg — 7 to arrive at the map
LLC. The plan goes like this: To an admissible pair (E/F, ¢) we will associate a character
A¢ of E* of level zero. Then, we show that the map Py(F) — Po(F) given by (E/F,§) —
(E/F, A¢) is bijective. The bijection LLC® will be given as follows: If (E/F,&) is an
admissible pair and p¢ = p € GI(F), then LLC’(p) = a,¢. Thus the first objective ought
to be defining Ag.

6.2.2 The Character A; Associated to (E/F,¢)

We begin by defining the Langlands constant Ag,p for a finite separable extension E of
F and a nontrivial additive character v of F':

5(RE/F7 s,1))

)\E/F(,l?b) - g(ﬂE,SawE> ’

where Rg/p is the regular representation.

Proposition 6.2.5. Let ¢ be an additive character of F of level one and let E/F be a
tamely ramified extension. If E/F is unramified, then sxg/p is unramified of order 2, and

If E/F is totally ramified, then sg p is the nontrivial character of F*/Ng/p(E*), and
Ap/rp(¥) = T(xg)p, v)g 2,

where T s the Gauss sum:

T(sE/r,Y) = Z g r(cx)Y(cz)

Up /U
with n the level of »g/p and ¢ € F such that vp(c) = —n. In particular,

Agyp()? = sp/p(=1).
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Proof. See [BHO06| §34.3] O

In defining the character A¢ of E*, we split the matter into two cases. The first of
which is for an admissible pair (E/F, ) where E/F is unramified.

Definition 6.2.6. Let (E/F,€) be an admissible pair in which E/F is an unramified
extension. Then we define A¢ to be unramified of order 2.

The ramified case is more involved. Put pupg for the group of roots of unity in F' of
order prime to p. If E//F is a totally ramified quadratic extension (automatically tame by
our assumption on residual characteristics) then we have Up = upUp = upUg. It follows
then that for any § € E* and uniformizer w of E, there exists a unique root of unity
¢(B,w) such that

B ) = ((8,)  (mod UL).

With this, we have the following:

Proposition 6.2.7 (Proposition-Definition). Let ¢ be an additive character of F' of level
one and let (E/F,§) be a minimal admissible pair with E/F totally ramified. Put n for

the level of & and let o € pg" be such that £(1 + ) = Yg(ax) for all x € p%. Then, there
is a unique character A¢ such that

Aglpy =1,

Ag‘FX = XE/F,
Aé(w) = %E/F(C(O‘a w)))\E/F(Wn

for any uniformizer w of E. The definition of A¢ is independent of choices of o and 1.
If (E/F,€) is any admissible pair with E/F totally ramified, then we write { = £ ®
(x © Ngyp) for a minimal admissible pair (E/F,¢") and a character x of F*. We then
define
A = Ay

This definition of A¢ is independent of choice of minimal admissible pair for the decom-
position £ = &' ® (x o Ng/p).

Proof. The properties demanded of the character A, ensure its unicity. Moreover, for
an additive character ¢ of level one the definition of A¢ depends only on the coset aU}.
Replacing v with some v’ of level one, we get ¢’ = u for u € Ur. Then « is replaced by
u'a and we get

gy r(C(u™ o, @) Agyp(ug))™ = sep/p(C(a, @) Mg p ()" 2 p (u)"

following from proposition [6.2.5] But the fact that (E/F,£) is a minimal admissible pair
(in particular that &[ys does not factor through Ng/r) forces that the level of £ is odd.
Thus since s/ p is a character of order 2, we have s /F(u)”*1 = 1. Therefore we see that
the definition of A is independent of our choice of ¢ and «a.

Thus the proof of the proposition is a matter of showing existence, which boils down

to checking that we have
Ag(um) = A¢(u)Ag(w)

for u € Ug and that
Ag(w?) = Ag(w)*.

For full details of this, see [BHO6, §34.4]. O
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Let note some consequences of this definition. Firstly, it follows readily that if (E/F, &)
is an admissible pair, then so too is the pair (E/F, A¢£). Thus we define a map

via (E/F,€) — (E/F,A¢). This map is a bijection, following from the fact that A
depends only on the tame quadratic extension F/F and ‘Ué‘

We form the map LLC® as was described earlier: For p € G3(F), by theorem [6.2.3]
there is an admissible pair (£/F, &) such that p = p; = Indg/p . Then using the machin-
ery just developed, we associate to p the admissible pair (E/F, A¢£). The supercuspidal
representation LLC?(p) is finally defined to be TAce, as was constructed in section .

Theorem 6.2.8. When the residual characteristic of F' is p # 2, then the map
LLC’: Gy(F) — o (F)
as described above is a bijection satisfying
(i) e(x ® p, 5,9) = e(XLLC’(p), s,%)
(ii) LLC’(x ® p) = xLLC’(p),
(i4i) LLC"(p) = LLC(p)V.
for any character x of F'* and any nontrivial additive character 1 of F.

Before proving the theorem, we must state two computational propositions which will
be used ad nauseam.

Proposition 6.2.9. Let & be a ramified character of F* of level n > 0, and let 1) be an
additive character of F' of level 1. Then,

L s n
e(x:5,9) = ¢"CI7(x, 1) Jg" TV,
where T(x, ) is the Gauss sum as defined in proposition m
And, for computing Gauss sums:

Proposition 6.2.10. Suppose that £ is a character of F* of leveln > 1 and v an additive
character of F' of level 1. Let ¢ € F satisfy

§(1+z) = ¥(cr)

for x € pl*/A+1 . Then
(1) = ¢TI " X (ey)i(cy)

)

with y ranging over U%"H)/Q}/Ul[g/ﬂﬂ'

Proofs for both of the two propositions may be found in [BHO06| §23]. With this, we
may proceed.
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Proof of theorem [6.2.8. The fact that LLC? is a bijection follows from the maps p ~ p¢,
(E/F,§) = (E/F,A¢), and (E/F, A¢) = ma.e all being bijective, as we have observed
in our work up to this point. From proposition m, it suffices to check condition (i) in
the theorem for a single fixed choice of nontrivial additive character 1). Henceforth we
work relative to an additive character v of level 1. Moreover, (ii) is true by construction
and (iii) is a direct consequence of theorem [3.7.5(iii). Therefore we just need to show the
relationship (i) between local epsilon factors.

It follows from proposition M(iii), proposition , and theorem m(u) that the
integers n(p, 1) and n(LLC(p),v) (as appearing in proposition and § 5.1] respec-
tively) are equal. Thus we need only to show (i) at s = 1/2. We first consider the totally
ramified case in which there is no twisting to be concerned with:

Case 1: Let p = pe = Indg,p { for (E/F, ) a minimal admissible pair and E/F totally
ramified. In this case £ has odd level n = 2m~+1. We choose « such that {(1+z) = Y g(ax)
for all z € p’2*!. From proposition M(iii), we have

E(,O, S, 1/}) = 8(57 S, wE>>‘E/F(Z/})>

where we recall the notation g = v o trg/p. A computation reveals that

5(57 1/27 7vZJE) = S(O‘)wE(a)>

and so

On the other hand, setting 7 = LLC"(p), we may use proposition m to calcuate

E(Wv 1/2’ ¢) = Ag(@)f(&)i/},q(a).

Since £ embeds into A = Mat(F), we see that ¢p(a) = Ya(a), so we just need to show
that A¢(a) = A\g/p(v). Let w be a uniformizer of E and ¢ € pp such that aw”™ =
(mod U}). Then, by how A is defined, we have

Ag(@) = Be(Q)Ag(w ™).

But ¢ € F*, so this is

2

s5p(Q) Ae(@w™™) = sep/p(C) " Agyp ()"

Thus we have ,
Ae(@)Ap/r(¥) = se5/p(O) ™ Apr(¥)' ™ =1,

with the last equality holding from the proposition [6.2.5] the fact that »p/r is of order
2, and that n is odd. Hence we see that Ag/p(1)) = A¢(a). With this settled, we want to
understand how twisting by a multiplicative character affects the situation.

Case 2: We let p = pe be as in case 1, and let x be a character of F'* of level [ > 1.
Now consider the representation x ® p, which is obtained by from induction from the
admissible pair (E/F,{xg). Again, the level of x is n = 2m + 1. If [ < m, then the pair
(E/F,¢xg) is minimal and we are in the situation of case 1. Thus we assume that [ > m,
implying that xg has level 2] > n. There then exists ¢ € F such that x(1 + z) = ¢(cx)
for z € p%/z]ﬂ, and so xg(1 + ) = Yp(cz) for € pI. As was in case 1, we also have
(1 +2) = Yg(az) for z € pi. With these observations, after proceeding with standard
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epsilon factor computations using Gauss sums (cf. [BHO6| §23.6]), we are able to arrive
at

e(éxe. 1/2,¢5) = &(c + a)Xp(l + ¢ 'a)vp()e(xe, 1/2,¥p).

Employing once more proposition [4.1.5, we have

e(x ®p,1/2,9) = &(c+ a)xp(l + c'a)dp(a)e(xe, 1/2,¥p) e r (V)
= &(c+ a)Xe(l+ cla)yp(a)e(x, 1/2,¥)e(xoeyr, 1/2,7)
= &(c+ a)Xp(l + ¢ a)p(a)e(x, 1/2,9) 5myr (0).

We once again write 7 = LLC"(p). A standard computation on this side finds

e(xm, 1/2,9) = Aef(c+ a)x(det(1 + ¢ 'a))vala)e(x, 1/2,9)°.

We again observe that ¢4(a) = ¥g(a), and that by construction A¢(c+ a) = Ag(c) =
»#p/r(c). Therefore in this case we have

e(x®@p,1/2,9) = e(xm, 1/2,4),

as desired.

Case 3: The final case which we consider is when p = p; = Indg/p ¢ for (E/F,§) a
minimal admissible pair with £/F unramified. Let n be the level of . If n is odd, then
the computations follow closely to case 1. The case n = 0 is handled in [BH06, §25, §35.4].
We accordingly assume n = 2m > 0. In this setting,

e 1/2,0p) =¢" > &l +a)de(a(l +2)).

zepp /ppt

If we let 7 = LLC°(p), from proposition

e(m1/2,0)=¢* > twA'(a(l+y)vala(l+y)),

yepEam/pptton

where we recall 9t = Maty(Op) and A is as appears in the construction of 7¢ in section
The following lemma is a direct consequence of the lemma in [BHO6| §22.5].

Lemma 6.2.11. Let © € Ujy. Then trA(ax) = 0 unless ax is Ugy-conjugate to an
element of aUmUMT!.

Applying this to our expression for e(m,1/2,1) and counting the number of elements
in conjugacy classes, we get

e(m1/2,0) =—¢" Y Ea(l+z)pala(l+ 1))

yepp /pptt

Now e(p,1/2,9) = e(§,1/2,¢Yp)\g/F (). But E/F is unramified, thus by proposi-
tion [6.2.5] Ag/F(v) = —1. Therefore we have
e(m, 1/2,4) =e(p,1/2,4),

as desired.

Finally, for representations of the form xy®p for p determined by an unramified minimal
admissible pair and y a character of F'* the computations are essentially the same as
case 2. [
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On the Local Langlands Correspondence for GLy(F)

We now simply define
LLC: Go(F) — o (F)
by
LLC (p) if pe GY(F),
LLO(y) = { 1V 0 )
LLC (p) if p € G3(F).
From theorems [6.1.1] and [6.2.8] it follows that LLC is the unique bijective map of the-

orem [6.0.1] Therefore the local Langlands correspondence for GLy(F) (when p # 2) is
proved.
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